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"God made the integers, all else is the work of man."
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8 Foreword

reader. The exposition proceeds incrementally, intuitively and rigorously

uncovers deeper properties.

A special feature of the book is an outstanding selection of genuine

Olympiad and other important mathematical contest problems solved us-

ing the methods already presented. The book brings about the unique and

vast experience of the authors. It captures the spirit of an important math-

ematical literature and distills the essence of a rich problem-solving culture.

"Number Theory: Structures, Examples and Problems" will appeal to

senior high school and undergraduate students, their instructors, as well as

to all who would like to expand their mathematical horizons. It is a source

of fascinating problems for readers at all levels and widely opens the gate

to further explorations in mathematics.
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12 Notation

njm n divides m

gcd(m;n) the greatest common divisor of m;n

lcm(m;n) the least common multiple of m;n

�(n) the number of primes � n

�(n) number of divisors of n

�(n) sum of positive divisors of n

a � b (mod m) a and b are congruent modulo m

’ Euler’s totient function

ordm(a) order of a modulo m

� M�obius function

akak�1 : : : a0(b) base b representation

S(n) the sum of digits of n

(f1; f2; : : : ; fm) factorial base expansion

bxc 
oor of x

dxe celling of x

fxg fractional part of x

ep Legendre’s function

pkkn pk fully divides n

fn Fermat’s number

Mn Mersenne’s number
�
a

p

�

Legendre’s symbol

Fn Fibonacci’s number

Ln Lucas’ number

Pn Pell’s number
�
n

k

�

binomial coe�cient
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16 1. DIVISIBILITY

If a = b, then q = 1 and r = 0 < a.

If a < b, then there exist positive integers n such that na > b. Let q be

the least positive integer for which (q+1)a > b. Then qa � b. Let r = b�aq.
It follows that b = aq + r and 0 � r < a.

For the uniqueness, assume that b = aq0 + r0, where q0 and r0 are also

nonnegative integers satisfying 0 � r0 < a. Then aq+r = aq0 +r0, implying

a(q� q0) = r0 � r, and so ajr0 � r. Hence jr0 � rj � a or jr0 � rj = 0. Because

0 � r, r0 < a yields jr0 � rj < a, we are left with jr0 � rj = 0, implying

r0 = r and, consequently, q0 = q. �

In the theorem above, when a is divided by b, q is called the quotient

and r the remainder.

Remark. The Division Algorithm can be extended for integers as fol-

lows: For any integers a and b, a 6= 0, there exists a unique pair (q; r) of

integers such that

b = aq + r; 0 � r < jaj:
Example. Prove that for all positive integers n, the fraction

21n+ 4

14n+ 3

is irreducible.

(1st IMO)

Indeed, from the equality

2(21n+ 4) � 3(14n+ 3) = �1

it follows that 21n+ 4 and 14n+ 3 have no common divisor except for 1,

hence the conclusion.

Problem 1.1.1. Prove that for all integers n:

a) n5 � 5n3 + 4n is divisible by 120;

b) n2 + 3n+ 5 is not divisible by 121.

Solution. a) n5 � 5n3 + 4n = n(n2 � 1)(n2 � 4)

= n(n� 1)(n+ 1)(n� 2)(n+ 2);

the product of �ve consecutive integers: n� 2, n� 1, n, n+ 1, n+ 2.

If n 2 f�2;�1; 0; 1; 2g we get n5 � 5n3 + 4n = 0 and the property holds.

If n � 3 we can write

n5 � 5n3 + 4n = 5!

�
n+ 2

5

�

= 120

�
n+ 2

5

�

;
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and the conclusion follows.

If n � �3, write n = �m, where m � 3, and obtain

n5 � 5n3 + 4n = �120

�
m+ 2

5

�

;

and we are done.

b) Observe that

n2 + 3n+ 5 = (n+ 7)(n� 4) + 33;

so that 11jn2+3n+5 if and only if 11j(n+7)(n�4). Thus, if 11 - (n+7)(n�4)

then 11 (and hence 121) does not divide n2 + 3n+ 5. So, assume 11 divides

(n + 7)(n � 4). Then 11jn + 7 or 11jn � 4; but then 11 must divide both

of n+ 7 and n� 4, since (n+ 7) � (n� 4) = 11. Thus, 121j(n+ 7)(n� 4).

However, 121 - 33. So 121 - n2 + 3n+ 5 = (n+ 7)(n� 4) + 33. Hence, in all

cases, 121 - n2 + 3n+ 5.

Problem 1.1.2. Let p > 2 be an odd number and let n be a positive

integer. Prove that p divides 1pn

+ 2pn

+ � � � + (p� 1)pn

.

Solution. De�ne k = pn and note that k is odd. Then

dk + (p� d)k = p[dk�1 � dk�2(p� d) + � � � + (p� d)k�1]

Summing up the equalities from d = 1 to d =
p� 1

2
implies that p divides

1k + 2k + � � � + (p� 1)k, as claimed.

Problem 1.1.3. Prove that

345

+ 456

is a product of two integers, each of which is larger than 102002.

Solution. The given number is of the form m4 +
1

4
n4, where m = 344

and

n = 4
56+1

4 = 2
56+1

2 :

The conclusion follows from the identity

m4 +
n4

4
= m4 +m2n2 +

1

4
n4 �m2n2 =

�

m2 +
1

2
n2

�2

� m2n2 =

=

�

m2 +mn+
1

2
n2

��

m2 �mn+
1

2
n2

�

;
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where n is even so
n2

2
is an integer, and from the inequalities:

m2 �mn+
1

2
n2 =

�

m� n

2

�2

+
n2

4
>
n2

4

= 256�1 > 210008 > (24)2002 > 102002:

Problem 1.1.4. Find all positive integers n such that for all odd integers

a, if a2 � n then ajn.

Solution. Let a be the greatest odd integer such that a2 < n, hence

n � (a+ 2)2. If a � 7, then a� 4; a� 2; a are odd integers which divide n.

Note that any two of these numbers are relatively prime, so (a� 4)(a� 2)a

divides n. It follows that (a � 4)(a � 2)a � (a + 2)2 so a3 � 6a2 + 8a �
a2 + 4a+ 4. Then a3 � 7a2 + 4a� 4 � 0 or a2(a� 7) + 4(a� 1) � 0. This

is false, because a � 7, hence a = 1; 3 or 5.

If a = 1, then 12 � n � 32, so n 2 f1; 2; : : : ; 8g.

If a = 3, then 32 � n � 52 and 1 � 3jn, so n 2 f9; 12; 15; 18; 21; 24g.

If a = 5, then 52 � n � 72 and 1 � 3 � 5jn so n 2 f30; 45g. Therefore

n 2 f1; 2; 3; 4; 5; 6; 7; 8; 9; 12; 15; 18; 21; 24; 30; 45g.

Problem 1.1.5. Find the elements of the set

S =

�

x 2 Zj x
3 � 3x+ 2

2x+ 1
2 Z

�

:

Solution. Since
x3 � 3x+ 2

2x+ 1
2 Z, then

8x3 � 24x+ 16

2x+ 1
= 4x2 � 2x� 11 +

27

2x+ 1
2 Z:

It follows that 2x+ 1 divides 27, so

2x+ 1 2 f�1;�3;�9;�27g and x 2 f�14;�5;�2;�1; 0; 1; 4; 13g;

since 2x+ 1 is odd,
x3 � 3x+ 2

2x+ 1
2 Z , 8x3 � 24x+ 16

2x+ 1
2 Z, so all these

are solutions.

Problem 1.1.6. Find all positive integers n for which the number ob-

tained by erasing the last digit is a divisor of n.

Solution. Let b be the last digit of the number n and let a be the number

obtained from n by erasing the last digit b. Then n = 10a+ b. Since a is

a divisor of n, we infer that a divides b. Any number n that ends in 0 is
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therefore a solution. If b 6= 0, then a is a digit and n is one of the numbers

11, 12,. . . , 19, 22, 24, 26, 28, 33, 36, 39, 44, 48, 55, 56, 77, 88 or 99.

Problem 1.1.7. Find the greatest positive integer x such that 236+x

divides 2000!.

Solution. The number 23 is prime and divides every 23rd number. In

all, there are

�
2000

23

�

= 86 numbers from 1 to 2000 that are divisible by

23. Among those 86 numbers, three of them, namely 23, 2 � 23 and 3 � 232

are divisible by 233. Hence 2389j2000! and x = 89 � 6 = 83.

Problem 1.1.8. Find the positive integers n with exactly 12 divisors

1 = d1 < d2 < � � � < d12 = n such that the divisor with index d4 (that is,

dd4 � 1) is (d1 + d2 + d4)d8.

(1989 Russian Mathematical Olympiad)

Solution. Of course, there is 1 � i � 12 such that di = d1+d2+d4. Since

di > d4, we have i � 5. Also, observe that djd13�j = m for all j and since

did8 = dd4�1 � n, we must have i � 5, thus i = 5 and d1 + d2 + d4 = d5.

Also, dd4�1 = d5d8 = n = d12, thus d4 = 13 and d5 = 14 + d2. Of course,

d2 is the smallest prime divisor of n and since d4 = 13, we can only have

d2 2 f2; 3; 5; 7; 11g. Also, since n has 12 divisors, it has at most 3 prime

divisors. If d2 = 2 then d5 = 16 and then 4 and 8 are divisors of n, smaller

than d4 = 13, impossible. A similar argument shows that d2 = 3 and

d5 = 17. Since n has 12 divisors and is a multiple of 3 � 13 � 17, the only

possibilities are 9 � 13 � 17, 3 � 1697 or 3 � 13 � 289. One can easily check that

only 9 � 13 � 17 = 1989 is a solution.

Problem 1.1.9. Let n be a positive integer. Show that any number

greater than n4=16 can be written in at most one way as the product of

two of its divisors having di�erence not exceeding n.

(1998 St. Petersburg City Mathematical Olympiad)

First Solution. Suppose, on the contrary, that there exist a > c � d > b

with a� b � n and ab = cd > n4=16. Put p = a+ b, q = a� b, r = c+ d,

s = c� d. Now

p2 � q2 = 4ab = 4cd = r2 � s2 > n4=4:

Thus p2 � r2 = q2 � s2 � q2 � n2. But r2 > n4=4 (so r > n2=2) and p > r,

so

p2 � r2 > (n2=2 + 1)2 � (n2=2)2 � n2 + 1;
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a contradiction.

Second solution. Again, suppose that ab = cd > n4=16, with a > c; d

and n � a� b. If we let p = gcd(a; c), we can �nd positive integers p; q; r; s

such that a = pq, b = rs, c = pr, d = qs. Then a > c ) q > r and

a > d ) p > s, so that

n � pq � rs

� (s+ 1)(r + 1) � rs

= r + s+ 1

� 2
p
b+ 1:

Thus b �
�
n� 1

2

�2

< n2=4, and a �
�
n� 1

2

�2

+ n =

�
n+ 1

2

�2

.

Therefore ab �
�
n2 � 1

4

�2

< n4=16, a contradiction.

Proposed problems

Problem 1.1.10. Show that for any natural number n, between n2 and

(n+1)2 one can �nd three distinct natural numbers a; b; c such that a2 +b2

is divisible by c.

(1998 St. Petersburg City Mathematical Olympiad)

Problem 1.1.11. Find all odd positive integers n greater than 1 such

that for any relatively prime divisors a and b of n, the number a+ b� 1 is

also a divisor of n.

(2001 Russian Mathematical Olympiad)

Problem 1.1.12. Find all positive integers n such that 3n�1 + 5n�1

divides 3n + 5n.

(1996 St. Petersburg City Mathematical Olympiad)

Problem 1.1.13. Find all positive integers n such that the set

fn; n+ 1; n+ 2; n+ 3; n+ 4; n+ 5g

can be split into two disjoint subsets such that the products of elements in

these subsets are the same.

(12th IMO)
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Problem 1.1.14. The positive integers d1; d2; : : : ; dn divide 1995. Prove

that there exist di and dj among them, such that the numerator of the

reduced fraction di=dj is at least n.

(1995 Israeli Mathematical Olympiad)

Problem 1.1.15. Determine all pairs (a; b) of positive integers such that

ab2 + b+ 7 divides a2b+ a+ b.

(39th IMO)

Problem 1.1.16. Find all integers a; b; c with 1 < a < b < c such that

(a� 1)(b� 1)(c� 1) is a divisor of abc� 1.

(33rd IMO)

Problem 1.1.17. Find all pairs of positive integers (x; y) for which

x2 + y2

x� y

is an integer which divides 1995.

(1995 Bulgarian Mathematical Olympiad)

Problem 1.1.18. Find all positive integers (x; n) such that xn + 2n + 1

is a divisor of xn+1 + 2n+1 + 1.

(1998 Romanian IMO Team Selection Test)

Problem 1.1.19. Find the smallest positive integer K such that every

K-element subset of f1; 2; : : : ; 50g contains two distinct elements a; b such

that a+ b divides ab.

(1996 Chinese Mathematical Olympiad)

1.2 Prime numbers

The integer p > 1 is called a prime if there is no integer d > 1 such that

djp. Any integer n > 1 has at least a prime divisor. If n is a prime, then

that prime divisor is n itself. If n is not a prime, then let a > 1 be its

least divisor. Then n = ab, where 1 < a � b. If a were not a prime, then

a = a1a2 with 1 < a1 � a2 < a and a1jn, contradicting the minimality of

a.
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An integer n > 1 that is not a prime is called composite. If n is a com-

posite integer, then it has a prime divisor p not exceeding
p
n. Indeed, as

above, n = ab, where 1 < a � b and a is the least divisor of n. Then n � a2,

hence a � p
n.

The following result is known for more than 2000 years:

Theorem 1.2.1. (Euclid1) There are in�nitely many primes.

Proof. Assume by way of contradiction that there are only a �nite num-

ber of primes: p1 < p1 < � � � < pm. Consider the number P = p1p2 : : : pn+1.

If P is a prime, then P > pm, contradicting the maximality of pm. Hence

P is composite and, consequently, it has a prime divisor p > 1 which is one

of the primes p1; p2; : : : ; pm, say pk. It follows that pkjp1 : : : pk : : : pm + 1.

This, together with pkjp1 : : : pk : : : pm, implies pkj1, a contradiction. �

Remark. The largest known prime is 232582657 � 1. It was discovered in

2006 and it has 9808358 digits.

The fundamental result in arithmetics pertains to the factorization of

integers:

Theorem 1.2.2. (The prime factorization theorem) Any integer n > 1

has a unique representation as a product of primes.

Proof. The existence of such a representation can be obtained as follows:

Let p1 be a prime divisor (factor) of n. If p1 = n, then n = p1 is the prime

factorization of n. If p1 < n, then n = p1r1, where r1 > 1. If r1 is a prime,

then n = p1p2 where p2 = r1, is the desired factorization of n. If r1 is

composite, then r1 = p2r2, where p2 is a prime, r2 > 1 and so n = p1p2r2.

If r2 is a prime, then n = p1p2p3 where r2 = p3 and we are done. If r2 is

composite, then we continue this algorithm, obtaining a sequence of integers

r1 > r2 > � � � � 1. After a �nite number of steps, we reach rk�1 = 1, that

is n = p1p2 : : : pk.

For the uniqueness, let us assume that there is at least a positive integer

n such that

n = p1p2 : : : pk = q1q2 : : : qh

where p1; p2; : : : ; pk; q1; q2; : : : ; qh are primes. It is clear that k � 2 and

h � 2. Let n be the minimal such integer. We claim that pi 6= qj for

any i = 1; 2; : : : ; k, j = 1; 2; : : : ; h. If, for example, pk = qh = p, then

1Euclid of Alexandria (about 325BC - about 365BC) is the most prominent math-

ematician of antiquity best known for his treatise on mathematics "The Elements".

The long lasting nature of "The Elements" must make Euclid the leading mathematics

teacher of all time.
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n0 = n=p = p1 : : : pk�1 = q1 : : : qh�1 and 1 < n0 < n, contradicting the

minimality of n. Assume without loss of generality that p1 is the least

prime factor of n in the above representations. By applying the Division

Algorithm it follows that

q1 = p1c1 + r1

q2 = p1c2 + r2

: : :

qh = p1ch + rh;

where 1 � ri < p1, i = 1; : : : ; h.

We have

n = q1q2 : : : qh = (p1c1 + r1)(p1c2 + r2) : : : (p1ch + rh):

Expanding the last product we obtain n = Ap1 + r1r2 : : : rh. Setting

n0 = r1r2 : : : rh we have n = p1p2 : : : pk = Ap1 + n0. It follows that p1jn0

and n0 = p1s1s2 : : : si, where s1; s2; : : : ; si are primes.

On the other hand, using the factorization of r1; r2; : : : ; rh into primes,

all their factors are less than ri < p1. From n0 = r1r2 : : : rh, it follows that

n0 has a factorization into primes of the form n0 = t1t2 : : : tj , where ts < p1,

s = 1; 2; : : : ; j. This factorization is di�erent from n0 = p1s1s2 : : : si. But

n0 < n, contradicting the minimality of n. �

From the above theorem it follows that any integer n > 1 can be written

uniquely in the form

n = p�1
1 : : : p�k

k ;

where p1; : : : ; pk are distinct primes and �1; : : : ; �k are positive integers.

This representation is called the canonical factorization of n.

An immediate application of the prime factorization theorem is an alter-

native way of proving that there are in�nitely many primes.

As in the previous proof, assume that there are only �nitely many primes:

p1 < p2 < � � � < pm. Let

N =

mY

i=1

�

1 +
1

pi
+ � � � +

1

pk
i

+ : : :

�

=

mY

i=1

1

1 � 1

pi

On the other hand, by expanding and by using the canonical factorization

of positive integers, we obtain

N = 1 +
1

2
+

1

3
+ : : :
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yielding

mY

i=1

pi

pi � 1
= 1, a contradiction. We have used the well-known fact

that the harmonic series

1 +
1

2
+

1

3
+ : : :

diverges and the expansion formula

1

1 � x
= 1 + x+ x2 + : : : (for jxj < 1)

which can also be interpreted as the summation formula for the in�nite

geometric progression 1; x; x2; : : :

From the formula
1Y

i=1

pi

pi � 1
= 1;

using the inequality 1 + t � et, t 2 R, we can easily derive

1X

i=1

1

pi
= 1:

Even though there are no de�nitive ways to �nd primes, the density of

primes (that is, the average appearances of primes among integers) has

been determined for about 100 years. This was a remarkable result in the

mathematical �eld of Analytic Number Theory showing that

lim
n!1

�(n)
n

logn

= 1;

where �(n) denotes the number of primes � n. The relation above is known

as the Prime Number Theorem. It was proved by Hadamard2 and de la

Vall�ee Poussin3 in 1896. An elementary, but di�cult proof, was given by

Erd�os4 and Selberg5.

2Jacques Salomon Hadamard (1865-1963), French mathematician whose most impor-

tant result is the Prime Number Theorem which he proved in 1896.
3Charles Jean Gustave Nicolas de la Vall�ee Poussin (1866-1962), Belgian mathe-

matician who proved the Prime Number Theorem independently of Hadamard in 1896.
4Paul Erd�os (1913-1996), one of the greatest mathematician of the 20th century.

Erd�os posed and solved problems in number theory and other areas and founded the

�eld of discrete mathematics.
5Atle Selberg (1917- ), Norwegian mathematician known for his work in analytic

number theory, and in the theory of automorphic forms.
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The most important open problems in Number Theory involve primes.

The recent book of David Wells [Prime Numbers: The Most Mysterious

Figures in Maths, John Wiley and Sons, 2005] contains just few of them.

We mention here only three such open problems:

1) Consider the sequence (An)n�1, An =
p
pn+1�p

pn, where pn denotes

the nth prime. Andrica’s Conjecture states that the following inequality

holds

An < 1;

for any positive integer n. Results connected to this conjecture are given

in D. Andrica [On a Conjecture in Prime Number Theory, Proc. Algebra

Symposium, "Babe�s-Bolyai" University of Cluj, 2005, pp.1-8]. The search

given by H.J. Smith has gown past n = 26 � 1010, so it is highly likely the

conjecture is true.

2) If p is prime such that p+2 is also a prime, then p and p+2 are called

twin primes. It is not known if there are in�nitely many twin primes. The

largest such pair is 100314512544015 � 2171960 � 1 and it was found in 2006.

3) The following property is conjectured by Michael Th. Rassias, an IMO

Silver Medail in 2003 in Tokyo: For any prime p greater than two there are

two distinct primes p1; p2 such that

p =
p1 + p2 + 1

p1
:

This is equivalent to the following statement: For any prime p greater

than two there are two primes p1 < p2 such that (p�1)p1; p2 are consecutive

integers [Octogon Mathematical Magazine, Vol.13, No.1.B, 2005, page 885].

For a prime p we say that pk fully divides n and write pkkn if k is the

greatest positive integers such that pkjn.

Problem 1.2.1. Prove that for any integer n > 1 the number n5 +n4 +1

is not a prime.

Solution. We have

n5 + n4 + 1 = n5 + n4 + n3 � n3 � n2 � n+ n2 + n+ 1

= n3(n2 + n+ 1) � n(n2 + n+ 1) + (n2 + n+ 1)

= (n2 + n+ 1)(n3 � n+ 1);

the product of two integers greater than 1. Hence n5 +n4+1 is not a prime.

Problem 1.2.2. Find all primes a; b; c such that

ab+ bc+ ac > abc:
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Solution. Assume that a � b � c. If a � 3 then ab+bc+ac � 3bc � abc,

a contradiction. Since a is prime, it is left that a = 2.

The inequality becomes 2b+ 2c+ bc > 2bc, hence
1

c
+

1

b
>

1

2
.

If b � 5, then c � 5 and

1

2
<

1

b
+

1

c
<

1

5
+

1

5
=

2

5
;

false.

Therefore b � 5, that is

1� b = 2 and c is any prime;

2� b = 3 and c is 3 or 5.

Problem 1.2.3. Find all the positive integers a; b for which a4 + 4b4 is

a prime.

Solution. Observe that

a4 + 4b4 = a4 + 4b4 + 4a2b2 � 4a2b2

= (a2 + 2b2)2 � 4a2b2

= (a2 + 2b2 + 2ab)(a2 + 2b2 � 2ab)

= [(a+ b)2 + b2][(a� b)2 + b2]:

As (a + b)2 + b2 > 1, then a4 + 4b4 can be a prime number only if

(a� b)2 + b2 = 1. This implies a = b = 1, which is the only solution of the

problem.

Problem 1.2.4. Let p; q be two distinct primes. Prove that there are

positive integers a; b so that the arithmetic mean of all the divisors of the

number n = pa � qb is also an integer.

(2002 Romanian Mathematical Olympiad)

Solution. The sum of all divisors of n is given by the formula

(1 + p+ p2 + � � � + pa)(1 + q + q2 + � � � + qb);

as it can be easily seen by expanding the brackets. The number n has

(a+ 1)(b+ 1) positive divisors and their arithmetic mean is

M =
(1 + p+ p2 + � � � + pa)(1 + q + q2 + � � � + qb)

(a+ 1)(b+ 1)
:

If p and q are both odd numbers, we can take a = p and b = q, and it is

easy to see that m is an integer.
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If p = 2 and q odd, choose again b = q and consider a+ 1 = 1 + q+ q2 +

� � � + qq�1. Then m = 1 + 2 + 22 + � � � + 2a, and it is an integer.

For p odd and q = 2, set a = p and b = p + p2 + p3 + � � � + pp�1. The

solution is complete.

Problem 1.2.5. Let p; q; r be primes and let n be a positive integer such

that

pn + qn = r2:

Prove that n = 1.

(2004 Romanian Mathematical Olympiad)

Solution. Clearly one of the primes p; q or r is equal to 2. If r = 2 then

pn + qn = 4, false, so assume that p > q = 2.

Consider the case when n > 1 is odd; we have

(p+ 2)(pn�1 � 2pn�2 + 22pn�3 � � � � + 2n�1) = r2:

Notice that

pn�1�2pn�2+22pn�3�� � �+2n�1 = 2n�1+(p�2)(pn�2+22pn�4+: : : ) > 1

and p+ 2 > 1 hence both factors are equal to r. This rewrites as pn + 2n =

(p+ 2)2 = p2 + 4p+ 4, which is false for n � 3.

Consider the case when n > 1 is even and let n = 2m. It follows that

pm = a2 � b2, 2m = 2ab and r = a2 + b2, for some integers a; b with

(a; b) = 1. Therefore, a and b are powers of 2, so b = 1 and a = 2m�1.

This implies pm = 4m�1 � 1 < 4m, so p must be equal to 3. The equality

3m = 4m�1 � 1 fails for m = 1 and also for m � 2, as 4m�1 > 3m + 1, by

induction.

Consequently n = 1. Take for example p = 23, q = 2 and r = 5.

Problem 1.2.6. Let a; b; c be non zero integers, a 6= c, such that

a

c
=
a2 + b2

c2 + b2
:

Prove that a2 + b2 + c2 cannot be a prime.

(1999 Romanian Mathematical Olympiad)

Solution. The equality
a

c
=
a2 + b2

c2 + b2
is equivalent to (a�c)(b2 �ac) = 0.

Since a 6= c, it follows that b2 = ac and therefore:

a2 + b2 + c2 = a2 + ac+ c2 = a2 + 2ac+ c2 � b2
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= (a+ c)2 � b2 = (a+ c� b)(a+ c+ b):

Now, clearly, a2 + b2 + c2 > 3, so, if a2 + b2 + c2 is a prime number, then

only four cases are possible:

(1) a+ c� b = 1 and a+ c� b = a2 + b2 + c2;

(2) a+ c+ b = 1 and a+ c+ b = a2 + b2 + c2;

(3) a+ c� b = �1 and a+ c+ b = �(a2 + b2 + c2), and �nally:

(4) a+ c+ b = �1 and a+ c� b = �(a2 + b2 + c2).

In the �rst two cases we are lead to: a2 + b2 + c2 � 2(a+ c) + 1 = 0, or

(a� 1)2 + (c� 1)2 + b2 = 1, hence a = c = 1.

In other cases we obtain: (a+ 1)2 + (c+ 1)2 + b2 = 1, hence a = c = �1.

But a = c is a contradiction.

Problem 1.2.7. Show that each natural number can be written as the

di�erence of two natural numbers having the same number of prime factors.

(1999 Russian Mathematical Olympiad)

Solution. If n is even, then we can write it as (2n) � (n). If n is odd,

let d be the smallest odd prime that does not divide n. Then write n =

(dn) � ((d � 1)n). The number dn contains exactly one more prime factor

than n. As for (d � 1)n, it is divisible by 2 because d � 1 is even. Its odd

factors are less than d so they all divide n. Therefore (d� 1)n also contains

exactly one more prime factor than n, and dn and (d� 1)n have the same

number of prime factors.

Problem 1.2.8. Let p be a prime number. Find all k 2 Z such that
p

k2 � pk is a positive integer.

(1997 Spanish Mathematical Olympiad)

Solution. The values are k = (p+ 1)2=4 for p odd (and none for p = 2).

We �rst consider p = 2, in which case we need k2 � 2k = (k � 1)2 � 1 to

be a positive square, which is impossible, as the only consecutive squares

are 0 and 1.

Now assume p is odd. We �rst rule out the case where k is divisible by

p: if k = np, then k2 � pk = p2n(n � 1), and n and n� 1 are consecutive

numbers, so they cannot both be squares.

We thus assume k and p are coprime, in which case k and k � p are

coprime. Thus k2 � pk is a square if and only if k and k � p are squares,

say k = m2 and k � p = n2. Then p = m2 � n2 = (m + n)(m� n), which

implies m+ n = p, m� n = 1 and k = (p+ 1)2=4.
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Problem 1.2.9. Let p > 5 be a prime number and

X = fp� n2jn 2 N; n2 < pg:

Prove that X contains two distinct elements x; y such that x 6= 1 and x

divides y.

(1996 Balkan Mathematical Olympiad)

Solution. Take m such that m2 < p < (m+ 1)2 and write p = k +m2,

with 1 � k � 2m. Since p� (m� k)2 = k(2m� k+ 1) we have p�m2jp�
(m � k)2. Of course, k 6= m since p is a prime number. Also, m � k < m

and �m+ k 6= m since p is not composite. The only case which remains is

k = 1. Since m is even, p� (m� 1)2 divides p� 1 we are done again.

Proposed problems

Problem 1.2.10. For each integer n such that n = p1p2p3p4, where

p1; p2; p3; p4 are distinct primes, let

d1 = 1 < d2 < d3 < � � � < d16 = n

be the sixteen positive integers which divide n. Prove that if n < 1995,

then d9 � d8 6= 22.

(1995 Irish Mathematical Olympiad)

Problem 1.2.11. Prove that there are in�nitely many positive integers

a such that the sequence (zn)n�1, zn = n4 + a, does not contain any prime

number.

(11th IMO)

Problem 1.2.12. Let p; q; r be distinct prime numbers and let A be the

set

A = fpaqbrc : 0 � a; b; c � 5g:

Find the smallest integer n such that any n-element subset of A contains

two distinct elements x; y such that x divides y.

(1997 Romanian Mathematical Olympiad)
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Problem 1.2.13. Prove Bonse’s inequality:

p1p2 : : : pn > p2
n+1

for n � 4, where p1 = 2, p2 = 3; : : : is the increasing sequence of prime

numbers.

Problem 1.2.14. Show that there exists a set A of positive integers

with the following property: for any in�nite set S of primes, there exist two

positive integers m 2 A and n 62 A each of which is a product of k distinct

elements of S for some k � 2.

(35th IMO)

Problem 1.2.15. Let n be an integer number, n � 2. Show that if

k2 + k+n is a prime number for any integer number k, 0 � k �
r
n

3
, then

k2 + k + n is a prime number for any k, 0 � k � n� 2.

(28th IMO)

Problem 1.2.16. A sequence q1; q2; : : : of primes satis�es the following

condition: for n � 3, qn is the greatest prime divisor of qn�1 + qn�2 + 2000.

Prove that the sequence is bounded.

(2000 Polish Mathematical Olympiad)

Problem 1.2.17. Let a > b > c > d be positive integers and suppose

ac+ bd = (b+ d+ a� c)(b + d� a+ c):

Prove that ab+ cd is not prime.

(42nd IMO)

1.3 The greatest common divisor and the least

common multiple

For a positive integer k we denote by Dk the set of all its positive divisors.

It is clear that Dk is a �nite set. For positive integers m;n the maximal

element in the set Dm \Dn is called the greatest common divisor of m and

n and is denoted by gcd(m;n).

In case when Dm \Dn = f1g, we have gcd(m;n) = 1 and we say that m

and n are relatively prime.
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The following properties can be directly derived from the de�nition

above.

1) If d = gcd(m;n), m = dm0, n = dn0, then gcd(m0; n0) = 1.

2) If d = gcd(m;n), m = d0m00, n = d0n00, gcd(m00; n00) = 1, then d0 = d.

3) If d0 is a common divisor of m and n, then d0 divides gcd(m;n).

4) If m = p�1
1 : : : p�k

k and n = p�1

1 : : : p�k

k , �i; �i � 0, �i + �i � 1,

i = 1; : : : ; k, then

gcd(m;n) = p
min(�1;�1)
1 : : : p

min(�k;�k)
k :

5) If m = nq + r, then gcd(m;n) = gcd(n; r).

Let us prove the last property. Denote d = gcd(m;n) and d0 = gcd(n; r).

Because djm and djn it follows that djr. Hence djd0. Conversely, from d0jn
and d0jr it follows that d0jm, so d0jd. Thus d = d0.

An useful algorithm for �nding the greatest common divisor of two posi-

tive integers is the Euclidean Algorithm. It consists of repeated application

of the Division Algorithm:

m = nq1 + r1; 1 � r1 < n

n = r1q2 + r2; 1 � r2 < r1

: : :

rk�2 = rk�1qk + rk; 1 � rk < rk�1

rk�1 = rkqk+1 + rk+1; rk+1 = 0:

This chain of equalities is �nite because n > r1 > r2 > � � � > rk.

The last nonzero remainder, rk, is the greatest common divisor of m and

n. Indeed, by applying successively property 5) above we obtain

gcd(m;n) = gcd(n; r1) = gcd(r1; r2) = � � � = gcd(rk�1; rk) = rk:

Proposition 1.3.1. For positive integers m and n, there exist integers

a and b such that am+ bn = gcd(m;n).

Proof. From the Euclidean Algorithm it follows that

r1 = m� nq1; r2 = �mq2 + n(1 + q1q2); : : :

In general, ri = m�i + n�i, i = 1; : : : ; k. Because ri+1 = ri�1 � riqi+1, it

follows that (

�i+1 = �i�1 � qi+1�i

�i+1 = �i�1 � qi+1�i;
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i = 2; : : : ; k � 1. Finally, we obtain gcd(m;n) = rk = �km+ �kn. �

We can de�ne the greatest common divisor of several positive integers

m1;m2; : : : ;ms by considering

d1 = gcd(m1;m2); d2 = gcd(d1;m3); : : : ; ds�1 = gcd(ds�2;ms):

The integer d = ds�1 is called the greatest common divisor of m1; : : : ;ms

and denoted by gcd(m1; : : : ;ms). The following properties can be easily

veri�ed:

i) gcd(gcd(m;n); p) = gcd(m; gcd(n; p)); proving that gcd(m;n; p) is well-

de�ned.

ii) If djmi, i = 1; : : : ; s, then djgcd(m1; : : : ;ms).

iii) If mi = p�1i

1 : : : p�ki

k , i = 1; : : : ; s, then

gcd(m1; : : : ;ms) = p
min(�11;:::;�1k)
1 : : : p

min(�k1;:::;�kk)
k :

For a positive integer k we denote by Mk the set of all multiples of k.

Opposed to the set Dk de�ned earlier in this section, Mk is an in�nite set.

For positive integers s and t the minimal element of the set Ms \Mt is

called the least common multiple of s and t and is denoted by lcm(s; t).

The following properties are easily obtained from the de�nition above:

1’) If m = lcm(s; t), m = ss0 = tt0, then gcd(s0; t0) = 1.

2’) If m0 is a common multiple of s and t and m0 = ss0 = tt0, gcd(s0; t0) =

1, then m0 = m.

3’) If m0 is a common multiple of s and t, then mjm0.

4’) If s = p�1
1 : : : p�k

k and t = p�1

1 : : : p�k

k , �i; bi � 0, �i + �i � 1, i =

1; : : : ; k, then

lcm(s; t) = p
max(�1;�1)
1 : : : p

max(�k;�k)
k :

The following property establishes an important connection between gcd

and lcm:

Proposition 1.3.2. For any positive integers m;n the following relation

holds:

mn = gcd(m;n) � lcm(m;n):

Proof. Let m = p�1
1 : : : p�k

k , n = p�1

1 : : : p�k

k , �i; �i � 0, �i + �i � 1,

i = 1; : : : ; k. From properties 4) and 4’) we have

gcd(m;n) � lcm(m;n) = p
min(�1;�1)+max(�1;�1)
1 : : : p

min(�k;�k)+max(�k;�k)
k
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= p�1+�1

1 : : : p�k+�k

k = mn: �

It is also not di�cult to see that if mjs and njs, then lcm(m;n)js.
Problem 1.3.1. Prove that for any odd integers n, a1, a2; : : : ; an, the

greatest common divisor of numbers a1; a2; : : : ; an is equal to the greatest

common divisor of
a1 + a2

2
;
a2 + a3

2
; : : : ;

an + a1

2
.

Solution. Let

a = gcd(a1; a2; : : : ; an) and b = gcd

�
a1 + a2

2
;
a2 + a3

2
; : : : ;

an + a1

2

�

Then ak = �ka, for some integers �k, k = 1; 2; : : : ; n. It follows that

ak + ak+1

2
=
�k + �k+1

2
a; (1)

where an+1 = a1 and �n+1 = �1. Since ak are odd numbers, �k are also

odd, so
�k + �k+1

2
are integers.

From relation (1) it follows that a divides
ak + ak+1

2
for all so a divides b.

On the other hand,
ak + ak+1

2
= �kb, for some integers �k. Then

ak + ak+1 � 0 (mod 2b)

for all k 2 f1; 2; : : : ; ng. Summing up from k = 1 to k = n yields

2(a1 + a2 + � � � + an) � 0 (mod 2b);

hence

a1 + a2 + � � � + an � 0 (mod b): (3)

Summing up for k = 1; 3; : : : ; n� 2 implies

a1 + a2 + � � � + an�1 � 0 (mod 2b)

and furthermore

a1 + a2 + � � � + an�1 � 0 (mod b): (4)

Subtracting (4) from (3) implies an � 0 (mod b), then using relation (2)

we obtain ak � 0 (mod b) for all k. Hence bja and the proof is complete.

Problem 1.3.2. Prove that for all nonnegative integers a; b; c; d such

that a and b are relatively prime, the system

ax� yz � c = 0

bx� yt+ d = 0
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has at least a solution in nonnegative integers.

Solution. We start with a useful lemma.

Lemma. If a and b are relatively prime positive integers, then there are

positive integers u and v such that

au� bv = 1:

Proof. Consider the numbers

1 � 2; 2 � a; : : : ; (b� 1) � a (1)

When divided by b the remainders of these numbers are distinct. Indeed,

otherwise we have k1 6= k2 2 f1; 2; : : : ; b� 1g such that

k1a = p1b+ r; k2a = p2b+ r

for some integers p1; p2. Hence

(k1 � k2)a = (p1 � p2)b � 0 (mod b):

Since a and b are relatively prime it follows that jk1 � k2j � 0 (mod b),

which is false because 1 � jk1 � k2j < b.

On the other hand, none of the numbers listed in (1) is divisible by b.

Indeed, if so, then there is k 2 f1; 2; : : : ; n� 1g such that

k � a = p � b for some integer p:

Let d be the greatest common divisor of k and p. Hence k = k1d, p = p1d,

for some integers p1; k1 with gcd(p1; k1) = 1. Then k1a = p1b and since

gcd(a; b) = 1, we have k1 = b, p1 = a. This is false, because k1 < b.

It follows that one of the numbers from (1) has the remainder 1 when

divided by b so there is u 2 f1; 2; : : : ; b� 1g such that au = bv+ 1 and the

lemma is proved.

We prove now that the system

(

ax� yz � c = 0

bx� yt+ d = 0

with a; b; c; d nonnegative integers and gcd(a; b) = 1 has at least a solution

in nonnegative integers.
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Because gcd(a; b) = 1 using the lemma, there are positive integers u and

v such that au� bv = 1. Hence

x = cu+ dv; y = ad+ bc; z = v; t = u;

is a solution to the system.

Problem 1.3.3. Find all the pairs of integers (m;n) so that the numbers

A = n2 +2mn+3m2+2, B = 2n2 +3mn+m2+2, C = 3n2 +mn+2m2+1

have a common divisor greater than 1.

Solution. A common divisor of A;B and C is also a divisor for D =

2A� B, E = 3A� C, F = 5E � 7D, G = 5D � E, H = 18A� 2F � 3E,

I = nG � mF and 126 = 18nI � 5H + 11F = 2 � 32 � 7. Since 2 and 3

do not divide A;B and C, then d = 7. It follows that (m;n) is equal to

(7a+ 2; 7b+ 3) or (7c+ 5; 7d+ 4).

Problem 1.3.4. Let n be an even positive integer and let a; b be positive

coprime integers. Find a and b if a+ b divides an + bn.

(2003 Romanian Mathematical Olympiad)

Solution. As n is even, we have

an � bn = (a2 � b2)(an�2 + an�4b2 + � � � + bn�2):

Since a + b is a divisor of a2 � b2, it follows that a + b is a divisor of

an � bn. In turn, a+ b divides 2an = (an + bn) + (an � bn), and 2bn = (an +

bn)�(an �bn). But a and b are coprime numbers, and so gcd(2an; 2bn) = 2.

Therefore a+ b is a divisor of 2, hence a = b = 1.

Problem 1.3.5. M is the set of all values of the greatest common divisor

d of the numbers A = 2n+ 3m+ 13, B = 3n+ 5m+ 1, C = 6n+ 8m� 1,

where m and n are positive integers. Prove that M is the set of all divisors

of an integer k.

Solution. If d is a common divisor of the numbers A;B and C, then d

divides E = 3A�C = m+40, F = 2B�C = 2m+3 and G = 2E�F = 77.

We prove that k = 77 satis�es the conditions.

Let d0 be the greatest common divisor of the numbers E and F . Then

d0 = 7u for m = 7p + 2. Moreover, u = 1 if p 6= 11v + 5 and u = 11 if

p = 11v + 5. On the other hand, d0 = 11v for m = 11q + 4. Furthermore,

v = 1 for q 6= 7z + 3 and v = 7 for q = 7z + 3.

The number d0 is common divisor of the numbers A;B;C if and only if

d0 divides A.
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For m = 7p+ 2, 7 divides A = 2n+ 21p+ 19 if and only if n = 7p0 + 1.

For m = 7(11v+ 5), A = 2(n+ 59) + 3 � 77v is divisible by 77 if and only

if n = 77t+ 18.

Problem 1.3.6. Find the greatest common divisor of the numbers

An = 23n + 36n+2 + 56n+2

when n = 0; 1; : : : ; 1999.

(2001 Junior Balkan Mathematical Olympiad)

Solution. We have

A0 = 1 + 9 + 25 = 35 = 5 � 7:

Using congruence mod 5, it follows that

An � 23n + 36n+2 � 23n + 93n+1 � 23n + (�1)3n+1 (mod 5):

For n = 1, A1 � 9 6= 0 (mod 5), hence 5 is not a common divisor.

On the other hand,

An = 8n + 9 � 93n + 25 � 253n

� 1 + 2 � 23n + 4 � 43n

� 1 + 2 � 8n + 4 � 64n

� 1 + 2 � 1n + 4 � 1n

� 0 (mod 7);

therefore 7 divides An, for all integers n � 0.

Consequently, the greatest common divisor of the numbers A0, A1; : : : ,

A1999 is equal to 7.

Problem 1.3.7. Let m � 2 be an integer. A positive integer n is called

m-good if for every positive integer a, relatively prime to n, one has njam �
1.

Show that any m-good number is at most 4m(2m � 1).

(2004 Romanian IMO Team Selection Test)

Solution. If m is odd then nj(n� 1)m � 1 implies nj2, hence n � 2.

Take now m = 2tq, t � 1, q odd, If n = 2u(2v + 1) is m-good, then

(2v + 1)j(2v � 1)m � 1, hence (2v + 1)j2m � 1. Also, if a = 8v + 5 then

(a; n) = 1, so

2uj(aq)2
t � 1 = (aq � 1)(aq + 1)(a2q + 1) : : : (a2t�1q + 1):
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But aq � 5 (mod 8) implies that the exponent of the factor 2 in the last

product is t+2, therefore u � t+2, whence n � 4 �2t(2v+1) � 4m(2m �1).

Remark. The estimation is optimal only for m = 2, m = 4.

Problem 1.3.8. Find all triples of positive integers (a; b; c) such that

a3 + b3 + c3 is divisible by a2b, b2c, and c2a.

(2001 Bulgarian Mathematical Olympiad)

Solution. Answer: triples of the form (k; k; k) or (k; 2k; 3k) or their

permutations.

Let g be the positive greatest common divisor of a and b. Then g3 divides

a2b, so g3 divides a3 + b3 + c3, and g divides c. Thus, the gcd of any two of

a; b; c is the gcd of all three.

Let (l;m; n) = (a=g; b=g; c=g). Then (l;m; n) is a triple satisfying the

conditions of the problem, and l;m; n are pairwise relatively prime. Because

l2;m2 and n2 all divide l3 +m3 + n3, we have

l2m2n2j(l3 +m3 + n3):

We will prove that (l;m; n) is either (1,1,1) or a permutation of (1,2,3).

Assume without loss of generality that l � m � n. We have

3l3 � l3 +m3 + n3 � l2m2n2;

and, therefore, l � m2n2=3. Because l2j(m3 + n3), we also have

2m3 � m3 + n3 � l2 � m4n4=9:

If n � 2, then m � 2 � 9=24 < 2 � n, which contradicts the assumption

that m � n. Therefore, n must be 1. It is not di�cult to see that (1,1,1) is

the unique solution with m = 1.

If m � 2, then l > m because l and m are relatively prime, so

2l3 > l3 +m3 + 1 � l2m2;

and l > m2=2, so

m3 + 1 � l2 > m4=4;

and m � 4. It is not di�cult to check that the only solution here is (3,2,1).
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Proposed problems

Problem 1.3.9. The sequence a1; a2; : : : of natural numbers satis�es

gcd(ai; aj) = gcd(i; j) for all i 6= j:

Prove that ai = i for all i.

(1995 Russian Mathematical Olympiad)

Problem 1.3.10. The natural numbers a and b are such that

a+ 1

b
+
b + 1

a

is an integer. Show that the greatest common divisor of a and b is not

greater than
p
a+ b.

(1996 Spanish Mathematical Olympiad)

Problem 1.3.11. The positive integersm;n;m; n are written on a black-

board. A generalized Euclidean algorithm is applied to this quadruple as

follows: if the numbers x; y; u; v appear on the board and x > y, then x�y,

y, u + v, v are written instead; otherwise x, y � x, u, v + u are written

instead. The algorithm stops when the numbers in the �rst pair become

equal (they will equal the greatest common divisor of m and n). Prove that

the arithmetic mean of the numbers in the second pair at that moment

equals the least common multiple of m and n.

(1996 St. Petersburg City Mathematical Olympiad)

Problem 1.3.12. How many pairs (x; y) of positive integers with x � y

satisfy gcd(x; y) = 5! and lcm(x; y) = 50!?

(1997 Canadian Mathematical Olympiad)

Problem 1.3.13. Several positive integers are written on a blackboard.

One can erase any two distinct integers and write their greatest common

divisor and least common multiple instead. Prove that eventually the num-

bers will stop changing.

(1996 St. Petersburg City Mathematical Olympiad)

Problem 1.3.14. (a) For which positive integers n do there exist positive

integers x; y such that

lcm(x; y) = n!; gcd(x; y) = 1998?
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(b) For which n is the number of such pairs x; y with x � y less than

1998?

(1998 Hungarian Mathematical Olympiad)

Problem 1.3.15. Determine all positive integers k for which there exists

a function f : N ! Z such that

(a) f(1997) = 1998;

(b) for all a; b 2 N, f(ab) = f(a) + f(b) + kf(gcd(a; b)).

(1997 Taiwanese Mathematical Olympiad)

Problem 1.3.16. Find all triples (x; y; n) of positive integers such that

gcd(x; n+ 1) = 1 and xn + 1 = yn+1:

(1998 Indian Mathematical Olympiad)

Problem 1.3.17. Find all triples (m;n; l) of positive integers such that

m+ n = gcd(m;n)2; m+ l = gcd(m; l)2; n+ l = gcd(n; l)2:

(1997 Russian Mathematical Olympiad)

1.4 Odd and even

The set Z of integers can be partitioned into two subsets, the set of odd

integers and the set of even integers: f�1;�3;�5; : : :g and f0;�2;�4; : : :g,

respectively. Although the concepts of odd and even integers appear

straightforward, they come handly in various number theory problems.

Here are some basic ideas:

1) an odd number is of the form 2k + 1, for some integer k;

2) an even number is of the form 2m, for some integer m;

3) the sum of two odd numbers is an even number;

4) the sum of two even numbers is an even number;

5) the sum of an odd and even number is an odd number;

6) the product of two odd numbers is an odd number;

7) a product of integers is even if and only if at least one of its factors is

even.

Problem 1.4.1. Let m and n be integers greater than 1. Prove that mn

is the sum of m odd consecutive integers.
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Solution. The equality

mn = (2k + 1) + (2k + 3) + � � � + (2k + 2m� 1)

is equivalent to

mn = 2km+ (1 + 3 + � � � + 2m� 1)

or mn = 2km+m2. It follows that k =
m(mn�2 � 1)

2
which is an integer,

because m and mn�2 � 1 have di�erent parities.

Problem 1.4.2. Let n be a positive integer. Find the sum of all even

numbers between n2 � n+ 1 and n2 + n+ 1.

Solution. We have n2�n+1 = n(n�1)+1 and n2+n+1 = n(n+1)+1,

both odd numbers. It follows that the least even number to be considered

is n2 � n+ 2 and the greatest is n2 + n. The desired sum is

(n2 � n+ 2) + (n2 � n+ 4) + � � � + (n2 + n� 2) + (n2 + n)

= (n2 � n) + 2 + (n2 � n) + 4 + � � � + (n2 � n) + 2n� 2 + (n2 � n) + 2n

= n(n2 � n) + 2(1 + 2 + � � � + n) = n3 � n2 + n2 + n = n3 + n:

Problem 1.4.3. Let n be a positive integer and let "1; "2; : : : ; "n 2
f�1; 1g such that "1"2 + "2"3 + � � � + "n"1 = 0. Prove that n is divisible by

4.

(Kvant)

Solution. The sum "1"2 +"2"3 + � � �+"n"1 has n terms equal to 1 or �1,

so n is even, say n = 2k. It is clear that k of the terms "1"2; "2"3; : : : ; "n"1

are 1 and k are �1. On the other hand, the product of the terms in the

sum is

("1"2)("2"3) : : : ("n"1) = "21"
2
2 : : : "

2
n = 1;

hence (+1)k(�1)k = 1. That is k is even and the conclusion follows.

For any integer n = 4m there exist "1; "2; : : : ; "n such that

"1"2 + "2"3 + � � � + "n"1 = 0;

for example

"1 = "4 = "5 = "8 = � � � = "4m�3 = "4m = +1;

"2 = "3 = "6 = "7 = � � � = "4m�2 = "4m�1 = �1:
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Problem 1.4.4. A table with m rows and n columns has all entries �1

or 1 such that for each row and each column the product of entries is �1.

Prove that m and n have the same parity.

Solution. We compute the product P of the m � n entries in two ways,

by rows and by columns, respectively:

P = (�1)(�1) : : : (�1)
| {z }

m times

= (�1)m = (�1)n = (�1)(�1) : : : (�1)
| {z }

n times

:

The conclusion now follows.

We will show such a table for m = 3 and n = 5.

�1 1 1 �1 �1

1 1 �1 1 1

1 �1 1 1 1

Remark. If m and n have the same parity, then the number of tables

with the above property is 2(m�1)(n�1).

Proposed problems

Problem 1.4.5. We are given three integers a; b; c such that a; b; c, a+

b� c, a+ c� b, b+ c�a and a+ b+ c are seven distinct primes. Let d be the

di�erence between the largest and smallest of these seven primes. Suppose

that 800 2 fa+ b; b+ c; c+ ag. Determine the maximum possible value of

d.

Problem 1.4.6. Determine the number of functions f : f1; 2; : : : ; ng !
f1995; 1996g which satisfy the condition that f(1) + f(2) + � � � + f(1996)

is odd.

(1996 Greek Mathematical Olympiad)

Problem 1.4.7. Is it possible to place 1995 di�erent natural numbers

along a circle so that for any two these numbers, the ratio of the greatest

to the least is a prime?

(1995 Russian Mathematical Olympiad)

Problem 1.4.8. Let a; b; c; d be odd integers such that 0 < a < b < c < d

and ad = bc. Prove that if a+ d = 2k and b + c = 2m for some integers k

and m, then a = 1.

(25th IMO)



42 1. DIVISIBILITY

1.5 Modular arithmetics

Let a; b; n be integers, with n 6= 0. We say that a and b are congruent

modulo n if nja� b. We denote this by a � b (mod n). The relation "�" on

the set Z of integers is called the congruence relation. If m does not divide

a � b, then we say that integers a and b are not congruent modulo n and

we write a 6� b (mod n). The following properties can be directly derived:

1) a � a (mod n) (re
exivity);

2) If a � b (mod n) and b � c (mod n), then a � c (mod n) (transitiv-

ity);

3) If a � b (mod n), then b � a (mod n);

4) If a � b (mod n) and c � d (mod n), then a+ c � b+ d (mod n) and

a� c � b� d (mod n);

5) If a � b (mod n), then for any integer k, ka � kb (mod n);

6) If a � b (mod n) and c � d (mod n), then ac � bd (mod n);

7) If ai � bi (mod n), i = 1; : : : ; k, then a1 : : : ak � b1 : : : bk (mod n).

In particular, if a � b (mod n), then for any positive integer k, ak � bk

(mod n).

8) We have a � b (mod mi), i = 1; : : : ; k if and only if a � b

(mod lcm(m1; : : :mk)).

In particular, if m1; : : : ;mk are pairwise relatively prime, then a � b

(mod mi), i = 1; : : : ; k if and only if a � b (mod m1; : : : ;mk).

Let us prove the last property. From a � b (mod mi), i = 1; : : : ; k,

it follows that mija � b, i = 1; : : : ; k. Hence a � b is a common mul-

tiple of m1; : : : ;mk, and so lcm(m1; : : : ;mk)ja � b. That is a � b

(mod lcm(m1; : : : ;mk)). Conversely, from a � b (mod lcm(m1; : : : ;k )),

and the fact that each mi divides lcm(m1; : : : ;mk) we obtain a � b

(mod mi), i = 1; : : : ; k.

Theorem 1.5.1. Let a; b; n be integers, n 6= 0, such that a = nq1 + r1,

b = nq2 + r2, 0 � r1; r2 < jnj. Then a � b (mod n) if and only if r1 = r2.

Proof. Because a � b = n(q1 � q2) + (r1 � r2), it follows that nja � b

if and only if njr1 � r2. Taking into account that jr1 � r2j < jnj, we have

njr1 � r2 if and only if r1 = r2. �

Problem 1.5.1. For all the positive integers k � 1999, let S1(k) be the

sum of all the remainders of the numbers 1; 2; : : : ; k when divided by 4,

and let S2(k) be the sum of all the remainders of the numbers k + 1; k +

2; : : : ; 2000 when divided by 3. Prove that there is an unique positive integer

m � 1999 so that S1(m) = S2(m).
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(1999 Romanian Mathematical Olympiad)

Solution. Let Ak = f1; 2; 3; : : : ; kg and Bk = fk + 1; k + 2; : : : ; 2000g.

From the division of integers we have

k = 4q1 + r1; with r1 2 f0; 1; 2; 3g: (1)

If s1(k) is the sum of the remainders at the division by 4 of the last r1

elements of Ak, then

S1(k) = 6q1 + s1(k); with 0 � s1(k) � 6 (2)

(if r1 = 0, then set s1(k) = 0).

Using again the division of integers there exist integers q2; r2 such that

2000 � k = 3q2 + r2; with r2 2 f0; 1; 2g: (3)

If s2(k) is the sum of the remainders at the division by 3 of the last r2

elements of Bk, then

S2(k) = 3q2 + s2(k); with 0 � s2(k) � 3 (4)

(again we set s2(k) = 0, if r2 = 0).

As S1(k) = S2(k), s2(k) � s1(k) = 3(2q1 � q2), so 3j2q1 � q2j = js2(k) �
s1(k)j � 6, and j2q1 � q2j � 2. In other words, j2q1 � q2j 2 f0; 1; 2g.

If 2q1 = q2, then (1) and (3) imply 2000 � (r1 + r2) = 10q1, hence

10j(r1 + r2). Then r1 = r2 = 0 and q1 = 200. From (1) it follows that

k = 800, and from (2) and (4) we have S1(800) = S2(800) = 1200.

Furthermore S1(k) � S1(k + 1), and S2(k) � S2(k + 1) for all k 2
f1; 2; : : : ; 1998g. Since S1(799) = S1(800) and S2(799) = S2(800) + 2 <

S1(800), we deduce that S1(k) < S2(k) for all k 2 f1; 2; : : : ; 799g. Since

S1(801) = S1(800) + 1 > S2(800) � S2(801), we derive that S1(k) > S2(k)

for all k 2 f801; 802; : : : ; 1999g. Consequently, S1(m) = S2(m) if and only

if m = 800.

Problem 1.5.2. Let n be a positive integer. Show that if a and b are

integers greater than 1 such that 2n � 1 = ab, then ab� (a� b) � 1 can be

written as k � 22m for some odd integer k and some positive integer m.

(2001 Balkan Mathematical Olympiad)

Solution. Note that ab� (a� b) � 1 = (a+ 1)(b� 1). We shall show that

the highest powers of two dividing (a+ 1) and (b� 1) are the same. Let 2s
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and 2t be the highest powers of 2 dividing (a+ 1) and (b� 1), respectively.

Because a+ 1; b+ 1 � ab+ 1 = 2n, we have s; t � n.

Note that 2s divides 2n = ab+ 1 and a+ 1, so that

ab � a � �1 (mod 2s):

Hence, b � 1 (mod 2s), or 2sjb� 1, so that s � t.

Similarly, ab � �b � �1 (mod 2t), so a � �1 (mod 2t), and 2tja + 1.

Thus, t � s.

Therefore, s = t, the highest power of two dividing (a + 1)(b � 1) is 2s,

and ab� (a� b) � 1 = k � 22s for some odd k.

Problem 1.5.3. Find all nonnegative integers m such that (22m+1)2 + 1

is divisible by at most two di�erent primes.

(2002 Baltic Mathematics Competition)

Solution. We claim m = 0; 1; 2 are the only such integers. It is easy to

check that these values of m satisfy the requirement. Suppose some m � 3

works. Write

(22m+1)2 + 1 = (22m+1 + 1)2 � 2 � 22m+1

= (22m+1 + 2m+1 + 1)(22m+1 � 2m+1 + 1):

The two factors are both odd, and their di�erence is 2m+2; hence, they are

relatively prime. It follows that each is a prime power. We also know that

(22m+1)2 = 42m+1 � �1 (mod 5), so one of the factors 22m+1 � 2m+1 + 1

must be a power of 5. Let 22m+1 + 2m+1s + 1 = 5k, where s = �1 is the

appropriate sign.

Taking the above equation modulo 8, and using the assumption m � 3,

we obtain 5k � 1 (mod 8), so that k is even. Writing k = 2l, we have

2m+1(2m + s) = (5l � 1)(5l + 1):

The factor 5l + 1 � 2 (mod 4), so 5l � 1 = 2ma for some odd integer a.

But if a = 1, then

2 = (5l + 1) � (5l � 1) = 2(2m + s) � 2m = 2m + 2s � 23 � 2;

a contradiction, whereas if a � 3, then 5l�1 � 3�2m while 5l+1 � 2(2m+s),

another contradiction.

Problem 1.5.4. Find an integer n with 100 � n � 1997 such that n

divides 2n + 2.
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(1997 Asian Paci�c Mathematics Olympiad)

Solution. Note that 2 divides 2n + 2 for all n. Also, 11 divides 2n + 2

if and only if n � 6 (mod 10), and 43 divides 2n + 2 if and only if n � 8

(mod 14). Since n = 946 = 2 � 11 � 43 satis�es both congruences, n divides

2n + 2.

Remark. Actually, one can prove that there are in�nitely many n such

that nj2n + 2. Also, any such n is even since by a theorem of W. Sierpinski

we cannot have nj2n�1 + 1 unless n = 1.

Problem 1.5.5. The number 99 : : : 99 (with 1997 nines) is written on a

blackboard. Each minute, one number written on the blackboard is factored

into two factors and erased, each factor is (independently) increased or

diminished by 2, and the resulting two numbers are written. Is it possible

that at some point all of the numbers on the blackboard equal 9?

(1997 St. Petersburg City Mathematical Olympiad)

Solution. No, there is always a number congruent to 3 modulo 4: factor-

ing such a number gives one factor congruent to 3 modulo 4, and changing

that by 2 in either direction gives a number congruent to 3 modulo 4.

Problem 1.5.6. Find the smallest positive integer which can be written

both as (i) a sum of 2002 positive integers (not necessarily distinct), each of

which has the same sum of digits and (ii) as a sum of 2003 positive integers

(not necessarily distinct), each of which has the same sum of digits.

(2002 Russian Mathematical Olympiad)

Solution. The answer is 10010. First observe that this is indeed a solu-

tion: 10010 = 2002�5 = 1781�4+222�13, so we may express 10010 as the sum

of 2002 �ves or of 1781 fours and 222 thirteens, where 1781+222 = 2003. To

prove minimality, observe that a number is congruent modulo 9 to the sum

of its digits, so two positive integers with the same digit sum are in the same

residue class modulo 9. Let k1 be the digit sum of the 2002 numbers and

k2 the digit sum of the 2003 numbers. Then 4k1 � 2002k1 � 2003k2 � 5k2

(mod 9). If k1 � 5, the sum of the 2002 numbers is at least 10010; if k2 � 5,

the sum of the 2003 numbers is greater than 10010. However, the solutions

k1 � 1; 2; 3; 4 (mod 9) give k2 � 8; 7; 6; 5, respectively, so that at least one

of k1 or k2 is greater than or equal to 5, and the minimal integer is 10010.
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Proposed problems

Problem 1.5.7. Find all integers n > 1 such that any prime divisor of

n6 � 1 is a divisor of (n3 � 1)(n2 � 1).

(2002 Baltic Mathematics Competition)

Problem 1.5.8. Let f(n) be the number of permutations a1; : : : ; an of

the integers 1; : : : ; n such that

(i) a1 = 1;

(ii) jai � ai+1j � 2; i = 1; : : : ; n� 1.

Determine whether f(1996) is divisible by 3.

(1996 Canadian Mathematical Olympiad)

Problem 1.5.9. For natural numbers m;n, show that 2n � 1 is divisible

by (2m � 1)2 if and only if n is divisible by m(2m � 1).

(1997 Russian Mathematical Olympiad)

Problem 1.5.10. Suppose that n is a positive integer and let

d1 < d2 < d3 < d4

be the four smallest positive integer divisors of n. Find all integers n such

that

n = d2
1 + d2

2 + d2
3 + d2

4:

(1999 Iranian Mathematical Olympiad)

Problem 1.5.11. Let p be an odd prime. For each i = 1; 2; : : : ; p � 1

denote by ri the remainder when ip is divided by p2. Evaluate the sum

r1 + r2 + � � � + rp�1:

(Kvant)

Problem 1.5.12. Find the number of integers x with jxj � 1997 such

that 1997 divides x2 + (x+ 1)2.

(1998 Indian Mathematical Olympiad)
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1.6 Chinese remainder theorem

In many concrete situations we need to �nd a solution to some system

of linear congruences of the form

a1x � b1 (mod m1); : : : ; anx � bn (mod mn):

Under some additional hypothesis (for instance gcd(ak;mk) = 1, k =

1; : : : ; n) this system reduces to the form

x � c1 (mod m1); : : : ; x � cn (mod mn):

In solving this class of systems an important part is played by the fol-

lowing result:

Theorem 1.6.1. (Chinese Remainder Theorem) Let m1; : : : ;mn be pos-

itive integers di�erent from 1 and pairwise relatively prime. Then for any

nonzero integers a1; : : : ; ar the system of linear congruences

x � a1 (mod m1); : : : ; x � ar (mod mr)

has solutions and any two such solutions are congruent modulo m =

m1 : : :mr.

Proof. It is clear that gcd

�
m

mj
;mj

�

= 1, j = 1; : : : ; r. Applying Propo-

sition 1.3.1 it follows that there is an integer bj such that

m

mj
bj � 1 (mod mj); j = 1; : : : ; r:

Then
m

mj
bjaj � aj (mod mj); j = 1; : : : ; r:

Now consider the integer

x0 =

rX

j=1

m

mj
bjaj :

We have

x0 �

0

@

rX

j=1

m

mj
bjaj

1

A (mod mi) � m

mi
biai (mod mi)

� ai (mod mi); i = 1; : : : ; r;

that is x0 is a solution to the system of linear congruences.
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If x1 is another solution, then x1 � x0 (mod mi), i = 1; : : : ; r. Applying

property 8) in Section 1.5, the conclusion follows. �

Example. Let us �nd the solutions to the system of linear congruences

x � 2 (mod 3); x � 1 (mod 4); x � 3 (mod 5):

We proceed as in the proof of the theorem. Because in this case m =

3 � 4 � 5 = 60, we have to �nd a solution to each of the congruences

60

3
b1 � 1 (mod 3);

60

4
b2 � 1 (mod 4);

60

5
b3 � 1 (mod 5):

This is equivalent to �nding solutions to the congruences

2b1 � 1 (mod 3); 3b2 � 1 (mod 4); 2b3 � 1 (mod 5):

We obtain b1 = 2, b2 = 3, b3 = 3. Then

x0 = 20 � 2 � 2 + 15 � 3 � 1 + 12 � 3 � 3 = 233:

Taking into account that all solutions are congruent modulo 60 it follows

that it su�ces to take x0 = 53. All solutions are given by x = 53 + 60k,

k 2 Z.

Problem 1.6.1. We call a lattice point X in the plane visible from the

origin O if the segment OX does not contain any other lattice points besides

O and X. Show that for any positive integer n, there exists a square of n2

lattice points (with sides parallel to the coordinate axes) such that none of

the lattice points inside the square is visible from the origin.

(2002 Taiwanese Mathematical Olympiad)

Solution. Suppose that the lower-left lattice point of such a square has

coordinates (x1; y1). We shall show that it is possible to select (x1; y1) such

that the square of lattice points with (x1; y1) at its corner and n points on

a side contains only invisible points. This can be accomplished by ensuring

that each point has both coordinates divisible by some prime number; this

would imply that by dividing both coordinates by this prime we could �nd

another lattice point that is between the origin and this point.

Select n2 distinct prime numbers and call them pi;j , 1 � 1; j � n. Now

�nd x1 satisfying the following congruences:

x1 � 0 (mod p1;1; p1;2 : : : p1;n);
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x1+ � 0 (mod p2;1p2;2 : : : p2;n);

: : :

x1 + n� 1 � 0 (mod pn;1pn;2 : : : pn;n):

Likewise select y1 satisfying:

y1 � 0 (mod p1;1p2;1 : : : pn;1);

y1 + 1 � 0 (mod p1;2p2;2 : : : pn;2);

: : :

y1 + n� 1 � 0 (mod p1;np2;n : : : ; pn;n):

Both values must exist by the Chinese Remainder Theorem. Thus we

have proved that it is possible to determine a position for (x1; y1) such

that every point in the square of n2 lattice points with (x1; y1) at it’s lower

left corner is associated with some prime by which both of its coordinates

are divisible, thus all points in this square are not visible from the origin.

Problem 1.6.2. Show that there exists an increasing sequence fang1
n=1

of natural numbers such that for any k � 0, the sequence fk+ang contains

only �nitely many primes.

(1997 Czech and Slovak Mathematical Olympiad)

Solution. Let pk be the k-th prime number, k � 1. Set a1 = 2. For

n � 1, let an+1 be the least integer greater than an that is congruent to �k
modulo pk+1 for all k � n. Such an integer exists by the Chinese Remainder

Theorem. Thus, for all k � 0, k + an � 0 (mod pk+1) for n � k + 1. Then

at most k+1 values in the sequence fk+ang can be prime; from the k+2-

th term onward, the values are nontrivial multiples of pk+1 and must be

composite. This completes the proof.

Proposed problems

Problem 1.6.3. Let P (x) be a polynomial with integer coe�cients.

Suppose that the integers a1; a2; : : : ; an have the following property: For

any integer x there exists an i 2 f1; 2; : : : ; ng such that P (x) is divisible by

ai. Prove that there is an i0 2 f1; 2; : : : ; ng such that ai0 divides P (x) for

any integer x.

(St. Petersburg City Mathematical Olympiad)
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Problem 1.6.4. For any positive integer set fa1; a2; : : : ; ang there exists

a positive integer b such that the set fba1; ba2; : : : ; bang consists of perfect

powers.

1.7 Numerical systems

1.7.1 Representation of integers in an arbitrary base

The fundamental result in this subsection is given by the following the-

orem:

Theorem 1.7.1. Let b be an integer greater than 1. For any integer

n � 1 there is a unique system (k; a0; a1; : : : ; ak) of integers such that

0 � ai � b� 1, i = 0; 1; : : : ; k, ak 6= 0, and

n = akb
k + ak�1b

k�1 + � � � + a1b+ a0: (1)

Proof. For the existence, we repeatedly apply the Division Algorithm:

n = q1b+ r1; 0 � r1 � b � 1

q1 = q2b+ r2; 0 � r2 � b� 1

: : :

qk�1 = qkb+ rk; 0 � rk � b� 1

where qk is the last nonzero quotient.

Let

q0 = n; a0 = n� q1b; a1 = q1 � q2b; : : : ; ak�1 = qk�1 � qkb; ak = qk:

Then

kX

i=0

aib
i =

k�1X

i=0

(qi � qi+1b)b
i + qkb

k = q0 +

kX

i=1

qib
i �

kX

i=1

qib
i = q0 = n:

For the uniqueness, assume that n = c0 + c1b+ � � �+ chb
h is another such

representation.

If h 6= k, for example h > k, then n � bk � bk+1, But

n = a0 + a1b+ � � � + akb
k � (b� 1)(1 + b+ � � � + bk) = bk+1 � 1 < bk+1;

a contradiction.
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If h = k, then

a0 + a1b+ � � � + akb
k = c0 + c1b+ � � � + ckb

k

and so bja0 � c0. On the other hand, ja0 � c0j < b, hence a0 = c0, Therefore

a1 + a2b+ � � � + akb
k�1 = c1 + c2b+ � � � + ckb

k�1:

Repeating the procedure above, it follows that a1 = c1, a2 = c2,. . . ,

ak = ck. �

Relation (1) is called the base b representation of n and is denoted by

n = akak�1 : : : a0(b)

The usual decimal representation corresponds to b = 10.

Examples. 1) 4567 = 4 � 103 + 5 � 102 + 6 � 10 + 7 = 4567(10).

2) Let us write 1010011(2) in base 10. We have

1010011(2) = 1�26+0�25+1�24+0�23+0�22+1�2+1 = 64+16+2+1 = 83:

3) Let us write 1211 in base 3. As above, dividing by 3 successively,

the remainders give the digits of the base 3 representation, beginning with

the last. The �rst digit is the last nonzero quotient. We can arrange the

computations as follows:

1211 3

1209 403 3

2 402 134 3

1 132 44 3

2 42 14 3

2 12 4 3

2 3 1

1

Hence 1211 = 1122212(3).

1.7.2 Divisibility criteria in the decimal system

We will prove some divisibility criteria for integers in decimal repre-

sentation. In this subsection, we will denote n = ahah�1 : : : a0 with the

understanding that we operate in base 10.
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Criterion 1. a) The integer n = ahah�1 : : : a0 is divisible by 3 if and

only if the sum s(n) of its digits is divisible by 3.

b) The integer n = ahah�1 : : : a0 is divisible by 9 if and only if s(n) is

divisible by 9.

Proof. We have 10k � 1 (mod 9) since 10 � 1 (mod 9), hence

n =
hX

k=0

ak10ks(n) (mod 9):

Both conclusions follow. �

Criterion 2. The integer n = ahah�1 : : : a0 is divisible by 11 if and only

if a0 � a1 + � � � + (�1)hah is divisible by 11.

Proof. We have 10k = (11 � 1)k � (�1)k (mod 11), hence

n =

hX

k=0

ak10k �
hX

k=0

(�1)kak (mod 11);

and the conclusion follows. �

Criterion 3. The integer n = ahah�1 : : : a0 is divisible by 7; 11, or 13 if

and only if ahah�1 : : : a3 � a2a1a0 has this property.

Proof. We have

n = a2a1a0 + (1001 � 1)ahah�1 : : : a3

= 7 � 11 � 13ahah�1 : : : a3 � (ahah�1 : : : a3 � a2a1a0)

hence the desired conclusion. �

Criterion 4. The integer n = ahah�1 : : : a0 is divisible by 27 or 37 if

and only if ahah�1 : : : a3 + a2a1a0 has this property.

Proof. We have

n = a2a1a0 + (999 + 1)ahah�1 : : : a3

= 27 � 37ahah�1 : : : a3 + (ahah�1 : : : a3 + a2a1a0)

and the conclusion follows. �

Examples. 1) The integer 123456789 is divisible by 9 because the sum

of its digits 1 + 2 + � � � + 9 = 45 has this property (Criterion 1b)).

2) The integer 20 : : : 04
| {z }

2004

is not a perfect square because the sum of its

digits is 6, a multiple of 3 but not of 9, hence the integer itself has these

properties (Criteria 1a) and 1b)).
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3) All integers of the form abcdef where a+ c+ e = 8 and b+ d+ f = 19

are divisible by 99, because a+ b+ c+ d+ f = 8 + 19, a multiple of 9, and

f � e+ d� c+ b� a = 19 � 8, a multiple of 11 and the conclusion follows

from Criteria 1b) and 2.

4) For any nonzero digit a, the integer a1234567 is not divisible by 37.

Indeed, applying Criterion 4 we have a1234 + 567 = a1801 and a1 + 801 =

8a2 = 800 + 10a+ 2 = 37 � 21 + 10a+ 25. The integer 10a+ 25 = 5(2a+ 5)

is not divisible by 37 because 7 � 2a+ 5 � 23.

Problem 1.7.1. Find all integers written as abcd in decimal represen-

tation and dcba in base 7.

Solution. We have

abcd(10) = dcba(7) , 999a+93b = 39c+342d , 333a+31b = 13c+114d;

hence b � c (mod 3). As b; c 2 f0; 1; 2; 3; 4; 5; 6g, the possibilities are:

i) b = c;

ii) b = c+ 3;

iii) b+ 3 = c.

In the �rst case we must have a = 2a0, d = 3d0, 37a0 + b = 19d0, d0 = 2.

Hence a0 = 1, a = 2, d = 6, b = 1, c = 1, and the number abcd is 2116.

In the other cases a has to be odd. Considering a = 1, 3 or 5 we obtain

no solutions.

Problem 1.7.2. Prove that every integer k > 1 has a multiple less than

k4 whose decimal expansion has at most four distinct digits.

(1996 German Mathematical Olympiad)

Solution. Let n be the integer such that 2n�1 � k < 2n. For n � 6 the

result is immediate, so assume n > 6.

Let S be the set of nonnegative integers less than 10n whose decimal

digits are all 0 or 1. Since jSj = 2n > k, we can �nd two elements a < b of

S which are congruent modulo k, and b� a only has the digits 8, 9, 0, 1 in

its decimal representation. On the other hand,

b � a � 1 + 10 + � � � + 10n�1 < 10n < 16n�1 � k4;

hence b� a is the desired multiple.

Problem 1.7.3. A positive integer is written on a board. We repeatedly

erase its unit digit and add 5 times that digit to what remains. Starting

with 71998, can we ever end up at 19987?
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(1998 Russian Mathematical Olympiad)

Solution. The answer is no. Let an be the n-th number written on the

board; let un be the unit digit and an = 10tn + un. We have

an+1 = tn + 5un � 50tn + 5un = 5(10tn + un) = 5an (mod 7):

Since a1 = 71998 � 0 6� 19987 (mod 7), we can never obtain 19987 from

71998.

Problem 1.7.4. Find all the three digit numbers abc such that the 6003-

digit number abcabc : : : abc is divisible by 91 (abc occurs 2001 times).

Solution. The number is equal to

abc(1 + 103 + 106 + � � � + 106000):

Since 91 is a divisor of 1001 = 1 + 103 and the sum S = 1 + 103 + 106 +

� � �+106000 has 2001 terms, it follows that 91 and (1+103)+106(1+103)+

� � � + 101999(1 + 103) + 106000 are relatively prime. Thus abc is divisible by

91. The numbers are

182; 273; 364; 455; 546; 637; 728; 819; 910:

Problem 1.7.5. Let n be an integer greater than 10 such that each of

its digits belongs to the set S = f1; 3; 7; 9g. Prove that n has some prime

divisor greater than or equal to 11.

(1999 Iberoamerican Mathematical Olympiad)

Solution. Note that any product of any two numbers from f1; 3; 7; 9g
taken modulo 20 is still in f1; 3; 7; 9g. Therefore any �nite product of such

numbers is still in this set. Speci�cally, any number of the form 3j7k is

congruent to 1, 3, 7, or 9 (mod 20).

Now if all the digits of n � 10 are in S, then its tens digit is odd and

we cannot have n � 1; 3; 7, or 9 (mod 20). Thus, n cannot be of the form

3j7k. Nor can n be divisible by 2 or 5 (otherwise, its last digit would not

be 1, 3, 7, or 9). Hence n must be divisible by some prime greater than or

equal to 11, as desired.

Problem 1.7.6. Find all natural numbers with the property that, when

the �rst digit is moved to the end, the resulting number is 3 1
2 times the

original one.

(1997 South African Mathematical Olympiad)
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Solution. Such numbers are those of the form

153846153846153846 : : :153846:

Obviously, since the number has the same number of digits when multi-

plied by 3.5, it must begin with either 1 or 2.

Case 1. The number is of the form 10N +A, A < 10N . So 7=2�(10N +A) =

10A+ 1 ! A = (7 � 10N � 2)=13. The powers of 10 repeat with a period

of 6 mod 13 (10,9,12,3,4,1) so A will be an integer i� n � 5 (mod 6). This

gives the family of solutions above.

Case 2. The number is of the form 2�10N +A, A < 10N . Then, as before,

A = (14 � 10N � 4)=13. But as A < 10N , this implies 10N < 4, which is

impossible.

Problem 1.7.7. Any positive integer m can be written uniquely in base

3 form as a string of 0’s, 1’s and 2’s (not beginning with a zero). For

example,

98 = 81 + 9 + 2 � 3 + 2 � 1 = (10122)3:

Let c(m) denote the sum of the cubes of the digits of the base 3 form of

m; thus, for instance

c(98) = 13 + 03 + 13 + 23 + 23 = 18:

Let n be any �xed positive integer. De�ne the sequence furg as

u1 = n; and ur = c(ur�1) for r � 2:

Show that there is a positive integer r such that ur = 1; 2, or 17.

(1999 United Kingdom Mathematical Olympiad)

Solution. If m has d � 5 digits then we have m � 3d�1 = (80 +

1)(d�1)=4 � 80 � d� 1

4
+ 1 > 8d by Bernoulli’s inequality. Thus m > c(m).

If m > 32 has 4 digits in base 3, then c(m) � 23 +33 +23 +23 = 32 < m.

On the other hand, if 27 � m � 32, then m starts with the digits 10 in

base 3 and c(m) < 13 + 03 + 23 + 23 = 17 < m.

Therefore 0 < c(m) < m for all m � 27. Hence, eventually, we have

us < 27. Because us has at most three digits, us+1 can only equal 8, 16,

24, 1, 9, 17, 2, 10, or 3. If it equals 1, 2, or 17 we are already done; if it

equals 3 or 9 then us+2 = 1. Otherwise a simple check shows that ur will
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eventually equal 2:

8 = (22)3

24 = (220)3

)

! 16 = (121)3 ! 10 = (1013 ! 2:

Problem 1.7.8. Do there exist n-digit numbers M and N such that all

of the digits of M are even, all of the digits of N are odd, each digit from

0 to 9 occurs exactly once among M and N , and N divides M?

(1998 Russian Mathematical Olympiad)

Solution. The answer is no. We proceed by indirect proof. Suppose that

such M and N exist and let a = M=N . Then M � 0 + 2 + 4 + 6 + 8 � 2

(mod 9) and N � 1 + 3 + 5 + 7 + 9 � 7 (mod 9); they are both relatively

prime to 9. Now a � M=N � 8 (mod 9) and so a � 8. But N � 13579 so

M = aN � 8(13579) > 99999, a contradiction.

Problem 1.7.9. Let k � 1 be an integer. Show that there are exactly

3k�1 positive integers n with the following properties:

(a) The decimal representation of n consists of exactly k digits.

(b) All digits of k are odd.

(c) The number n is divisible by 5.

(d) The number m = n=5 has k (decimal) digits.

(1996 Austrian-Polish Mathematics Competition)

Solution. The multiplication in each place must produce an even num-

ber of carries, since these will be added to 5 in the next place and an odd

digit must result. Hence all of the digits of m must be 1, 5 or 9, and the �rst

digit must be 1, since m and n have the same number of decimal digits.

Hence there are 3k�1 choices for m and hence for n.

Problem 1.7.10. Can the number obtained by writing the numbers from

1 to n in order (n > 1) be the same when read left-to-right and right-to-left?

(1996 Russian Mathematical Olympiad)

Solution. This is not possible. Suppose N = 123 : : :321 is an m-digit

symmetric number, formed by writing the numbers from 1 to n in succes-

sion. Clearly m > 18. Also let A and B be the numbers formed from the

�rst and last k digits, respectively, of N , where k = bm=2c. If 10p is the

largest power of 10 dividing A, then n < 2 � 10p+1, that is, n has at most
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p+ 2 digits. Moreover, A and B must contain the fragments

99 : : : 9
| {z }

p

100 : : :0
| {z }

p

1 and 1 00 : : :0
| {z }

p

99 : : : 9
| {z }

p

;

respectively, which is impossible.

Problem 1.7.11. Three boxes with at least one marble in each are given.

In a step we choose two of the boxes, doubling the number of marbles in

one of the boxes by taking the required number of marbles from the other

box. Is it always possible to empty one of the boxes after a �nite number of

steps?

(1999 Slovenian Mathematical Olympiad)

Solution. Without loss of generality suppose that the number of marbles

in the boxes are a; b, and c with a � b � c. Write b = qa+r where 0 � r < a

and q � 1. Then express q in binary:

q = m0 + 2m1 + � � � + 2kmk;

where each mi 2 f0; 1g and mk = 1. Now for each i = 0; 1; : : : ; k, add

2ia marbles to the �rst box: if mi = 1 take these marbles from the second

box; otherwise take them from this third box. In this way we take at most

(2k � 1)a < qa � b � c marbles from the third box and exactly qa marbles

from the second box altogether.

In the second box there are now r < a marbles left. Thus the box with

the least number of marbles now contains less than a marbles. Then by

repeating the described procedure, we will eventually empty one of the

boxes.

Proposed problems

Problem 1.7.12. The natural number A has the following property: the

sum of the integers from 1 to A, inclusive, has decimal expansion equal to

that of A followed by three digits. Find A.

(1999 Russian Mathematical Olympiad)

Problem 1.7.13. A positive integer is said to be balanced if the number

of its decimal digits equals the number of its distinct prime factors. For

instance, 15 is balanced, while 49 is not. Prove that there are only �nitely

many balanced numbers.
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(1999 Italian Mathematical Olympiad)

Problem 1.7.14. Let p � 5 be a prime and choose k 2 f0; : : : ; p � 1g.

Find the maximum length of an arithmetic progression, none of whose

elements contain the digit k when written in base p.

(1997 Romanian Mathematical Olympiad)

Problem 1.7.15. How many 10-digit numbers divisible by 66667 are

there whose decimal representation contains only the digits 3, 4, 5, and 6?

(1999 St. Petersburg City Mathematical Olympiad)

Problem 1.7.16. Call positive integers similar if they are written using

the same set of digits. For example, for the set 1, 1, 2, the similar numbers

are 112, 121 and 211. Prove that there exist 3 similar 1995-digit numbers

containing no zeros, such that the sum of two them equals the third.

(1995 Russian Mathematical Olympiad)

Problem 1.7.17. Let k and n be positive integers such that

(n+ 2)n+2; (n+ 4)n+4; (n+ 6)n+6; : : : ; (n+ 2k)n+2k

end in the same digit in decimal representation. At most how large is k?

(1995 Hungarian Mathematical Olympiad)

Problem 1.7.18. Let

1996Y

n=1

(1 + nx3n

) = 1 + a1x
k1 + a2x

k2 + � � � + amx
km ;

where a1; a2; : : : ; am are nonzero and k1 < k2 < � � � < km, Find a1996.

(1996 Turkish Mathematical Olympiad)

Problem 1.7.19. For any positive integer k, let f(k) be the number of

element in the set fk + 1; k + 2; : : : ; 2kg whose base 2 representation has

precisely three 1s.

a) Prove that, for each positive integer m, there exists at least one posi-

tive integer k, such that f(k) = m.

b) Determine all positive integers m for which there exists exactly one k

with f(k) = m.
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(35th IMO)

Problem 1.7.20. For each positive integer n, let S(n) be the sum of

digits in the decimal representation of n. Any positive integer obtained

by removing several (at least one) digits from the right-hand end of the

decimal representation of n is called a stump of n. Let T (n) be the sum of

all stumps of n. Prove that n = S(n) + 9T (n).

(2001 Asian Paci�c Mathematical Olympiad)

Problem 1.7.21. Let p be a prime number and m be a positive inte-

ger. Show that there exists a positive integer n such that there exist m

consecutive zeroes in the decimal representation of pn.

(2001 Japanese Mathematical Olympiad)

Problem 1.7.22. Knowing 229 is an 9-digit number whose digits are

distinct, without computing the actual number determine which of the ten

digits is missing. Justify your answer.

Problem 1.7.23. It is well known that the divisibility tests for division

by 3 and 9 do not depend on the order of the decimal digits. Prove that 3

and 9 are the only positive integers with this property. More exactly, if an

integer d > 1 has the property that djn implies djn1, where n1 is obtained

from n through an arbitrary permutation of its digits, then d = 3 or d = 9.
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Solution. From the inequality 2(a2 + b2) � (a + b)2 we get 2n3 � n4,

that is n � 2. Thus:

- for n = 0, we choose a = b = 0,

- for n = 1, we take a = 1, b = 0 and

- for n = 2, we may take a = b = 2.

Problem 2.1.2. Find all integers n such that n�50 and n+50 are both

perfect squares.

Solution. Let n � 50 = a2 and n + 50 = b2. Then b2 � a2 = 100, so

(b�a)(b+a) = 22 � 52. Because b�a and b+a are distinct and of the same

parity, the only possibility is b� a = 2 and b+ a = 50, yielding b = 26 and

a = 24. Hence there is only one n with this property, namely n = 626.

Problem 2.1.3. Let n � 3 be a positive integer. Show that it is possible to

eliminate at most two numbers among the elements of the set f1; 2; : : : ; ng
such that the sum of remaining numbers is a perfect square.

(2003 Romanian Mathematical Olympiad)

Solution. Let m =

$r

n(n+ 1)

2

%

. From m2 � n(n+ 1)

2
< (m+ 1)2 we

obtain
n(n+ 1)

2
�m2 < (m+ 1)2 �m2 = 2m+ 1:

Therefore, we have:

n(n+ 1)

2
�m2 � 2m �

p

2n2 + 2n � 2n� 1:

Since, any number k, k � 2n� 1 can be obtained by adding at most two

numbers from f1; 2; : : : ; ng, we obtain the result.

Problem 2.1.4. Let k be a positive integer and a = 3k2 + 3k + 1.

(i) Show that 2a and a2 are sums of three perfect squares.

(ii) Show that if a is a divisor of a positive integer b and b is a sum of

three perfect squares then any power bn is a sum of three perfect squares.

(2003 Romanian Mathematical Olympiad)

Solution. (i) 2a = 6k2+6k+2 = (2k+1)2+(k+1)2 +k2 and a2 = 9k2+

19k3+15k2+6k+1 = (k2 +k)2+(2k2+3k+1)2+k2(2k+1) = a2
1 +a2

2+a2
3.

(ii) Let b = ca. Then b = b21 + b22 + b23 and b2 = c2a2 = c2(a2
1 + a2

2 + a2
3).

To end the proof, we proceed as follows: for n = 2p + 1 we have b2p+1 =

(bp)2(b21 + b22 + b23) and for n = 2p+ 2, bn = (bp)2b2 = (bp)2c2(a2
1 + a2

2 + a2
3).
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Problem 2.1.5. a) Let k be an integer number. Prove that the number:

(2k + 1)3 � (2k � 1)3

is the sum of three squares.

b) Let n be a positive number. Prove that the number (2n+ 1)3 � 2 can

be represented as the sum of 3n� 1 squares greater than 1.

(2000 Romanian Mathematical Olympiad)

Solution. a) It is easy to check that

(2k + 1)3 � (2k � 1)3 = (4k)2 + (2k + 1)2 + (2k � 1)2:

b) Observe that

(2n+ 1)3 � 1 = (2n+ 1)3 � (2n� 1)3 + (2n� 1)3 � (2n� 3)3 + � � � + 33 � 13:

Each of the n di�erences in the right hand side can be written as a sum

of three squares greater than 1, except for the last one:

33 � 13 = 42 + 32 + 12:

It follows that

(2n+ 1)3 � 2 = 32 + 42 +
nX

k=2

[(4k)2 + (2k + 1)2 + (2k � 1)2]

as desired.

Problem 2.1.6. Prove that for any positive integer n the number

�
17 + 12

p
2
�n �

�
17 � 12

p
2
�n

4
p

2

is an integer but not a perfect square.

Solution. Note that 17+12
p

2 =
�p

2 + 1
�4

and 17�12
p

2 =
�p

2 � 1
�4

,

so

�
17 + 12

p
2
�n �

�
17 � 12

p
2
�n

4
p

2
=

�p
2 + 1

�4n �
�p

2 � 1
�4n

4
p

2
=

=

�p
2 + 1

�2n
+
�p

2 � 1
�2n

2
�
�p

2 + 1
�2n �

�p
2 � 1

�2n

2
p

2
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De�ne

A =

�p
2 + 1

�2n
+
�p

2 � 1
�2n

2
and B =

�p
2 + 1

�2n �
�p

2 � 1
�2n

2
p

2

Using the binomial expansion formula we obtain positive integers x and

y such that

�p
2 + 1

�2n

= x+ y
p

2;
�p

2 � 1
�2n

= x� y
p

2

Then

x =

�p
2 + 1

�2n
+
�p

2 � 1
�2n

2
= A

and

y =

�p
2 + 1

�2n �
�p

2 � 1
�2n

2
p

2
= B

and so AB is as integer, as claimed.

Observe that

A2 � 2B2 = (A+
p

2B)(A�
p

2B) = (
p

2 + 1)2n(
p

2 � 1)2n = 1

so A and B are relatively prime. It is su�cient to prove that at least one

of them is not a perfect square.

We have

A =

�p
2 + 1

�2n
+
�p

2 � 1
�2n

2
=

"�p
2 + 1

�n
+
�p

2 � 1
�n

p
2

#2

� 1 (1)

and

A =

�p
2 + 1

�2n
+
�p

2 � 1
�2n

2
=

"�p
2 + 1

�n �
�p

2 � 1
�n

p
2

#2

+ 1 (2)

Since only one of the numbers

�p
2 + 1

�n
+
�p

2 � 1
�n

p
2

;

�p
2 + 1

�n �
�p

2 � 1
�n

p
2

is an integer { depending on the parity of n { from the relations (1) and

(2) we derive that A is not a square. This completes the proof.

Problem 2.1.7. The integers a and b have the property that for every

nonnegative integer n, the number 2na + b is a perfect square. Show that

a = 0.
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(2001 Polish Mathematical Olympiad)

Solution. If a 6= 0 and b = 0, then at least one of 21a+ b and 22a+ b is

not a perfect square, a contradiction.

If a 6= 0 and b 6= 0, then each (xn; yn) = (2
p

2na+ b;
p

2n+2a+ b) satis-

�es

(xn + yn)(xn � yn) = 3b:

Hence, x + n + ynj3b for each n. But thus is impossible because 3b 6= 0

but jxn + ynj > j3bj for large enough n.

Therefore, a = 0.

Remark. We invite the courageous reader to prove that if f 2 Z[X ] is a

polynomial and f(2n) is a perfect square for all n, then there is g 2 Z[X ]

such that f = g2.

Problem 2.1.8. Prove that the number

11 : : : 11
| {z }

1997

22 : : :22
| {z }

1998

5

is a perfect square.

Solution.

N = 11 : : :11
| {z }

1997

�101999 + 22 : : : 22
| {z }

1998

�10 + 5

=
1

9
(101997 � 1) � 101999 +

2

9
(101998 � 1) � 10 + 5

=
1

9
(103996 + 2 � 5 � 101998 + 25) =

�
1

3
(101998 + 5)

�2

=

0

B
B
@

1

1997
z }| {

00 : : :00 5

3

1

C
C
A

2

= 33 : : : 33
| {z }

1997

52:

Problem 2.1.9. Find all the positive integers n, n � 1, such that n2+3n

is a perfect square.

Solution. Let m be a positive integer such that

m2 = n2 + 3n:

Since (m � n)(m + n) = 3n, there is k � 0 such that m � n = 3k and

m+ n = 3n�k. From m� n < m+ n follows k < n� k, and so n� 2k � 1.

If n�2k = 1, then 2n = (m+n)�(m�n) = 3n�k �3k = 3k(3n�2k �1) =

3k(31 � 1) = 2 � 3k, so n = 3k = 2k + 1. We have 3m = (1 + 2)m =
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1+2m+22

�
m

2

�

+ � � � > 2m+1, therefore k = 0 or k = 1 and consequently

n = 1 or n = 3.

If n � 2k > 1, then n � 2k � 2 and k � n � k � 2. It follows that

3k � 3n�k�2, and consequently

2n = 3n�k � 3k � 3n�k � 3n�k�2 = 3n�k�2(32 � 1) = 8 � 3n�k�2

� 8[1 + 2(n� k � 2)] = 16n� 16k � 24;

which implies 8k + 12 � 7n.

On the other hand, n � 2k + 2, hence 7n � 14k + 14, contradiction.

In conclusion, the only possible values for n are 1 and 3.

Problem 2.1.10. Find the number of �ve-digit perfect squares having

the last two digits equal.

Solution. Suppose n = abcdd is a perfect square. Then n = 100abc +

11d = M4 + 3d, and since all the squares have the form M4 or M4 + 1

and d 2 f0; 1; 4; 5; 6; 9g, as the last digit of a square, it follows that d = 0

or d = 4.

If d = 0, then n = 100abc is a square if abc is a square.

Hence abc 2 f102; 112; : : : ; 312g, so there are 22 numbers.

If d = 4, then 100abc+ 44 = n = k2 implies k = 2p and abc =
p2 � 11

25
.

1) If p = 5x, then abc is not an integer, false.

2) If p = 5x+ 1, then abc =
25x2 + 10x� 1

25
= x2 +

2(x� 1)

5
)

x 2 f11; 16; 21; 26; 31g, so there are 5 solutions.

3) If p = 5x+ 2, then abc = x2 +
20x� 7

25
62 N, false.

4) If p = 5x+ 3, then abc = x2 +
30x� 2

25
62 N, false.

5) If p = 5x+ 4 then abc = x2 +
8x+ 1

5
, hence x = M5 + 3 )

x 2 f13; 18; 23; 28g, so there are 4 solutions.

Finally, there are 22 + 5 + 4 = 31 squares.

Problem 2.1.11. The last four digits of a perfect square are equal. Prove

they are all zero.

(2002 Romanian Team Selection Test for JBMO)

Solution. Denote by k2 the perfect square and by a the digit that ap-

pears in the last four position. It easily follows that a is one of the numbers

0, 1, 4, 5, 6, 9. Thus k2 � a � 1111 (mod 16).

1) If a = 0, we are done.
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2) Suppose that a 2 f1; 5; 9g. Since k2 � 0 (mod 8), k2 � 1 (mod 8)

or k2 � 4 (mod 8) and 1111 � 7 (mod 8), we obtain 1111 � 7 (mod 8),

5 � 1111 � 3 (mod 8) and 9 � 1111 � 7 (mod 8). Thus the congruence

k2 � a � 1111 (mod 16) cannot hold.

3) Suppose a 2 f4; 6g. As 1111 � 7 (mod 16), 4 � 1111 � 12 (mod 16)

and 6 � 1111 � 10 (mod 16), we conclude that in this case the congruence

k2 � a � 1111 (mod 16) cannot hold. Thus a = 0.

Problem 2.1.12. Let 1 < n1 < n2 < � � � < nk < : : : be a sequence of

integers such that no two are consecutive. Prove that for all positive integers

m between n1 + n2 + � � � + nm and n2 + n2 + � � � + nm+1 there is a perfect

square.

Solution. It is easy to prove that between numbers a > b � 0 such thatp
a�

p
b > 1 there is a perfect square - take for example ([

p
b] + 1)2.

It su�ces to prove that

p
n1 + � � � + nm+1 � p

n1 + � � � + nm > 1; m � 1:

This is equivalent to

n1 + � � � + nm + nm+1 > (1 +
p
n1 + n2 + � � � + nm)2

and then

nm+1 > 1 + 2
p
n1 + n2 + � � � + nm; m � 1:

We induct on m. For m = 1 we have to prove that n2 > 1 + 2
p
n1.

Indeed, n2 > n1 + 2 = 1 + (1 + n1) > 1 + 2
p
n1. Assume that the claim

holds for some m � 1. Then

nm+1 � 1 >
p
n1 + � � � + nm

so (nm+1 � 1)2 > 4(n1 + � � � + nm) hence

(nm+1 + 1)2 > 4(n1 + � � � + nm+1):

This implies

nm+1 > 2
p
n1 + � � � + nm+1;

and since nm+2 � nm+1 � 2; it follows that

nm+2 > 1 + 2
p
n1 + � � � + nm+1;

as desired.
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Problem 2.1.13. Find all the integers x; y; z so that 4x + 4y + 4z is a

square.

Solution. It is clear that there are no solutions with x < 0. Without

loss of generality assume that x � y � z and let 4x + 4y + 4z = u2. Then

22x(1 + 4y�x + 4z�x) = u2. We have two situations.

Case 1. 1 + 4y�x + 4z�x is odd, i.e. 1 + 4y�x + 4z�x = (2a + 1)2. It

follows

4y�x�1 + 4z�x�1 = a(a+ 1)

and then

4y�x�1(1 + 4z�y) = a(a+ 1):

We consider two cases.

1) The number a is even. Then a+1 is odd, so 4y�x�1 = a and 1+4z�y =

a + 1. It follows that 4y�x�1 = 4z�y, hence y � x � 1 = z � y. Thus

z = 2y � x� 1 and

4x + 4y + 4z = 4x + 4y + 42y�x�1 = (2x + 22y�x�1)2:

2) The number a is odd. Then a+1 is even, so a = 4z�y+1, a+1 = 4y�x�1

and 4y�x�1 � 4z�y = 2. It follows that 22y�2x�3 = 22x�2y�1 + 1, which is

impossible since 2x� 2y � 1 6= 0.

Case 2. 1 + 4y�x + 4z�x is even, thus y = x or z = x. Anyway, we must

have y = x and then 2+4z�x is a square, impossible since it is � 2 (mod 4)

or � 3 (mod 4).

Proposed problems

Problem 2.1.14. Let x; y; z be positive integers such that

1

x
� 1

y
=

1

z
:

Let h be the greatest common divisor of x; y; z. Prove that hxyz and

h(y � x) are perfect squares.

(1998 United Kingdom Mathematical Olympiad)

Problem 2.1.15. Let b an integer greater than 5. For each positive

integer n, consider the number

xn = 11 : : : 1
| {z }

n�1

22 : : : 2
| {z }

n

5;
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written in base b. Prove that the following condition holds if and only if

b = 10: There exists a positive integer M such that for every integer n

greater than M , the number xn is a perfect square.

(44th IMO Shortlist)

Problem 2.1.16. Do there exist three natural numbers greater than 1,

such that the square of each, minus one, is divisible by each of the others?

(1996 Russian Mathematical Olympiad)

Problem 2.1.17. (a) Find the �rst positive integer whose square ends

in three 4’s.

(b) Find all positive integers whose squares end in three 4’s.

(c) Show that no perfect square ends with four 4’s.

(1995 United Kingdom Mathematical Olympiad)

Problem 2.1.18. Let m;n be a natural numbers and m+ i = aib
2
i for

i = 1; 2; : : : ; n, where ai and bi are natural numbers and ai is squarefree.

Find all values of n for which there existsm such that a1+a2+� � �+an = 12.

(1997 Bulgarian Mathematical Olympiad)

Problem 2.1.19. For each positive integer n, denote by s(n) the greatest

integer such that for all positive integer k � s(n), n2 can be expressed as

a sum of squares of k positive integers.

(a) Prove that s(n) � n2 � 14 for all n � 4.

(b) Find a number n such that s(n) = n2 � 14.

(c) Prove that there exist in�nitely many positive integers n such that

s(n) = n2 � 14:

(33rd IMO)

Problem 2.1.20. Let A be the set of positive integers representable in

the form a2 + 2b2 for integers a; b with b 6= 0. Show that if p2 2 A for a

prime p, then p 2 A.

(1997 Romanian IMO Team Selection Test)

Problem 2.1.21. Is it possible to �nd 100 positive integers not exceeding

25000 such that all pairwise sums of them are di�erent?
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(42nd IMO Shortlist)

Problem 2.1.22. Do there exist 10 distinct integers, the sum of any 9

of which is a perfect square?

(1999 Russian Mathematical Olympiad)

Problem 2.1.23. Let n be a positive integer such that n is a divisor of

the sum

1 +

n�1X

i=1

in�1

Prove that n is square-free.

(1995 Indian Mathematical Olympiad)

Problem 2.1.24. Let n; p be integers such that n > 1 and p is a prime.

If nj(p� 1) and pj(n3 � 1), show that 4p� 3 is a perfect square.

(2002 Czech-Polish-Slovak Mathematical Competition)

Problem 2.1.25. Show that for any positive integer n > 10000, there

exists a positive integer m that is a sum of two squares and such that

0 < m� n < 3 4
p
n.

(Russian Mathematical Olympiad)

Problem 2.1.26. Show that a positive integer m is a perfect square if

and only if for each positive integer n, at least one of the di�erences

(m+ 1)2 �m; (m+ 2)2 �m; : : : ; (m+ n)2 �m

is divisible by n.

(2002 Czech and Slovak Mathematical Olympiad)

2.2 Perfect cubes

Problem 2.2.1. Prove that if n is a perfect cube, then n2+3n+3 cannot

be a perfect cube.

Solution. Suppose by way of contradiction that n2 + 3n+ 3 is a cube.

Hence n(n2 + 3n+ 3) is a cube. Note that

n(n2 + 3n+ 3) = n3 + 3n2 + 3n = (n+ 1)3 � 1
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and since (n+ 1)3 � 1 is not a cube, we obtain a contradiction.

Problem 2.2.2. Let m be a given positive integer. Find a positive integer

n such that m+ n+ 1 is a perfect square and mn+ 1 is a perfect cube.

Solution. Choosing n = m2 + 3m+ 3, we have

m+ n+ 1 = m2 + 4m+ 4 = (m+ 2)2

and

mn+ 1 = m3 + 3m2 + 3m+ 1 = (m+ 1)3:

Problem 2.2.3. Which are there more of among the natural numbers

from 1 to 1000000, inclusive: numbers that can be represented as the sum

of a perfect square and a (positive) perfect cube, or numbers that cannot

be?

(1996 Russian Mathematical Olympiad)

Solution. There are more numbers not of this form. Let n = k2 + m3,

where k;m; n 2 N and n � 1000000. Clearly k � 1000 and m � 100.

Therefore there cannot be more numbers in the desired form than the

100000 pairs (k;m).

Problem 2.2.4. Show that no integer of the form xyxy in base 10 can

be the cube of an integer. Also �nd the smallest base b > 1 in which there

is a perfect cube of the form xyxy.

(1998 Irish Mathematical Olympiad)

Solution. If the 4-digit number xyxy = 101 �xy is a cube, then 101jxy,

which is a contradiction.

Convert xyxy = 101 � xy from base b to base 10. We �nd xyxy =

(b2 + 1) � (bx+ y) with x; y < b and b2 + 1 > bx+ y. Thus for xyxy to be

a cube, b2 + 1 must be divisible by a perfect square. We can check easily

that b = 7 is the smallest such number, with b2 + 1 = 50. The smallest

cube divisible by 50 is 1000 which is 2626 is base 7.

Proposed problems

Problem 2.2.5. Find all the positive perfect cubes that are not divisible

by 10 so that the number obtained by erasing the last three digits is also a

perfect cube.

Problem 2.2.6. Find all positive integers n less than 1999 such that n2

is equal to the cube of the sum of n’s digits.
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(1999 Iberoamerican Mathematical Olympiad)

Problem 2.2.7. Prove that for any non-negative integer n the number

A = 2n + 3n + 5n + 6n

is not a perfect cube.

Problem 2.2.8. Prove that any integer is a sum of �ve cubes.

Problem 2.2.9. Show that any rational number can be written as a sum

of three cubes.

2.3 k
th powers of integers, k � 4

Problem 2.3.1. Given 81 natural numbers whose prime divisors belong

to the set f2; 3; 5g, prove there exist 4 numbers whose product is the fourth

power of an integer.

(1996 Greek Mathematical Olympiad)

Solution. It su�ces to take 25 such numbers. To each number, associate

the triple (x2; x3; x5) recording the parity of the exponents of 2, 3, and 5

is its prime factorization. Two numbers have the same triple if and only

if their product is a perfect square. As long as there are 9 numbers left,

we can select two whose product is a square; in so doing, we obtain 9 such

pairs. Repeating the process with the square roots of the products of the

pairs, we obtain four numbers whose product is a fourth power.

Problem 2.3.2. Find all collections of 100 positive integers such that

the sum of the fourth powers of every four of the integers is divisible by the

product of the four numbers.

(1997 St. Petersburg City Mathematical Olympiad)

Solution. Such sets must be n; n; : : : ; n or 3n; n; n; : : : ; n for some integer

n. Without loss of generality, we assume the numbers do not have a common

factor. If u; v; w; x; y are �ve of the numbers, then uvw divides u4 + v4 +

w4 + x4 and u4 + v4 + w4 + y4, and so divides x4 � y4. Likewise, v4 �
w4 � x4 (mod u), and from above, 3v4 � 0 (mod u). If u has a prime

divisor not equal to 3, we conclude that every other integer is divisible by

the same prime, contrary to assumption. Likewise, if u is divisible by 9,

then every other integer is divisible by 3. Thus all of the numbers equal 1

or 3. Moreover, if one number is 3, the others are all congruent modulo 3,

so are all 3 (contrary to assumption) or 1. This completes the proof.
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Problem 2.3.3. Let M be a set of 1985 distinct positive integers, none

of which has a prime divisor greater than 26. Prove that M contains at

least one subset of four distinct elements whose product is the fourth power

of an integer.

(26th IMO)

Solution. There are nine prime numbers less than 26: p1 = 2, p2 = 3; : : : ,

p9 = 23. Any element x of M has a representation x =
9Y

i=1

pai

i , ai � 0. If

x; y 2 M and y =

9Y

i=1

pbi

i , the product xy =

9Y

i=1

pai+bi

i is a perfect square

if and only if ai + bi � 0 (mod 2). Equivalently, ai � bi (mod 2) for all

i = 1; 2; : : : ; 9. Because there are 29 = 512 elements in (Z=2Z)9 any subset

of M having at least 513 elements contains two elements x; y such that xy

is a perfect square. Starting from M and eliminating such pairs one �nds
1

2
(1985 � 513) = 736 > 513 distinct two-element subsets of M having a

square as the product of elements. Reasoning as above, we �nd among these

squares at least one pair (in fact many pairs) whose product is a fourth

power.

Problem 2.3.4. Let A be a subset of f0; 1; : : : ; 1997g containing more

than 1000 elements. Prove that A contains either a power of 2, or two

distinct integers whose sum is a power of 2.

(1997 Irish Mathematical Olympiad)

Solution. Suppose A did not verify the conclusion. Then A would con-

tain at most half of the integers from 51 to 1997, since they can be divided

into pairs whose sum is 2048 (with 1024 left over); likewise, A contains at

most half of the integers from 14 to 50, at most half of the integers from 3

to 13, and possibly 0, for a total of

973 + 18 + 5 + 1 = 997

integers.

Problem 2.3.5. Show that in the arithmetic progression with �rst term

1 and ratio 729, there are in�nitely many powers of 10.

(1996 Russian Mathematical Olympiad)
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Solution. We will show that for all natural numbers n, 1081n � 1 is

divisible by 729. In fact,

1081n � 1 = (1081)n � 1n = (1081 � 1) �A;

and

1081 � 1 = 9 : : : 9
| {z }

81

= 9 : : : 9
| {z }

9

: : : 10 : : : 01
| {z }

8

10 : : : 01
| {z }

8

: : : 10 : : :01
| {z }

8

= 9 1 : : :1
| {z }

9

: : : 10 : : : 01
| {z }

8

10 : : :01
| {z }

8

: : : 10 : : :01
| {z }

8

:

The second and third factors are composed of 9 units, so the sum of their

digits is divisible by 9, that is, each is a multiple of 9. Hence 1081 � 1 is

divisible by 93 = 729, as is 1081n � 1 for any n.

Remark. An alternative solution uses Euler’s Theorem (see Section 7.2).

We have 10’(729) � 1 (mod 7)29, thus 10n’(729) is in this progression for

any positive integer n.

Proposed problems

Problem 2.3.6. Let p be a prime number and a; n positive integers.

Prove that if

2p + 3p = an;

then n = 1.

(1996 Irish Mathematical Olympiad)

Problem 2.3.7. Let x; y; p; n; k be natural numbers such that

xn + yn = pk:

Prove that if n > 1 is odd, and p is an odd prime, then n is a power of p.

(1996 Russian Mathematical Olympiad)

Problem 2.3.8. Prove that a product of three consecutive integers can-

not be a power of an integer.

Problem 2.3.9. Show that there exists an in�nite set A of positive

integers such that for any �nite nonempty subset B � A,
X

x2B

x is not a

perfect power.
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(Kvant)

Problem 2.3.10. Prove that there is no in�nite arithmetic progression

consisting only of powers � 2.
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where k � n � x < (k + 1)n. That is k � x

n
< k + 1 and the conclusion

follows. For 4) denote bxc = m and fxg = �. From the Division Algorithm

and property 1) above it follows that m = n
jm

n

k

+ r, where 0 � r � n�1.

We obtain 0 � r + � � n� 1 + � < n, that is br + �

n
c = 0 and

jx

n

k

=

�
m+ �

n

�

=

�jm

n

k

+
r + �

n

�

=
jm

n

k

+

�
r + �

n

�

=
jm

n

k

=

�bxc
n

�

:

Problem 3.1.1. Find all positive integers n such that b n
p

111c divides

111.

Solution. The positive divisors of 111 are 1, 3, 37, 111. So we have the

following cases:

1) b n
p

111c = 1 or 1 � 111 < 2n, hence n � 7.

2) b n
p

111c = 3, or 3n � 111 < 4n, so n = 4.

3) b n
p

111c = 37, or 37n � 111 < 38n, impossible.

4) b n
p

111c = 111, or 111n � 111 < 112n, and so n = 1.

Therefore n = 1, n = 4 or n � 7.

Problem 3.1.2. Solve in R the equation:

bxbxcc = 1:

Solution. By de�nition,

bxbxcc = 1

implies

1 � xbxc < 2:

We consider the following cases:

a) x 2 (�1;�1). Then bxc � �2 and xbxc > 2, a contradiction.

b) x = �1 ) bxc = �1. Then xbxc = (�1) � (�1) = 1 and bxbxcc = 1,

so x = �1 is a solution.

c) x 2 (�1; 0). We have bxc = �1 and xbxc = �x < 1, false.

d) If x 2 [0; 1), then bxc = 0 and xbxc = 0 < 1, so we have no solution

in this case.

e) For x 2 [1; 2) we obtain bxc = 1 and xbxc = bxc = 1, as needed.

f) Finally, for x � 2 we have bxc � 2 and xbxc = 2x � 4 � 2, a contradic-

tion with (1).

Consequently, x 2 f�1g [ [1; 2).
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Problem 3.1.3. Prove that for any integer n one can �nd integers a

and b such that

n = ba
p

2c + bb
p

3c:

Solution. For any integer n, one can �nd an integer b so that

p
2 + b

p
3 � 2 < n �

p
2 + b

p
3:

We consider the cases:

1) If n = b
p

2c + bb
p

3c, we are done.

2) If n = b
p

2c + bb
p

3c + 1, then n = b2
p

2c + bb
p

3c.

3) If n = b
p

2c + bb
p

3c � 1, then n = b0
p

2c + bb
p

3c.

Problem 3.1.4. Find all real numbers x > 1, such that n
p

bxnc is an

integer for all positive integers n, n � 2.

(2004 Romanian Regional Mathematical Contest)

Solution. Put n
p

bxnc = an. Then bxnc = an
n and an

n � xn < an
n + 1.

Taking roots, one obtains an � x < n
p
an

n + 1. This shows that bxc = an.

We will show that all positive integers x, x � 2, satisfy the condition.

Assume, by way of contradiction, that there is a solution x which is not a

nonnegative integer. Put x = a+ �, a 2 Z, a � 1, 0 < � < 1.

It follows that an < (a+ �)n < an + 1, and therefore,

1 <
�

1 +
�

a

�n

< 1 +
1

an
� 2:

On the other hand, by Bernoulli inequality,

�

1 +
�

a

�n

� 1 + n
�

a
> 2;

for su�ciently large n, a contradiction.

Problem 3.1.5. Let r � 1 be a real number such that for all m;n such

that m divides n, bmrc divides bnrc. Prove that r is an integer.

(1997 Iberoamerican Mathematical Olympiad)

Solution. Fix the positive integer m and observe that bmrc divides

bkfmrgc for any positive integer k. If fmrg 6= 0 take a positive integer k

such that
1

fmrg � k <
2

fmrg ;
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possible since
2

fmrg >
1

fmrg + 1. Then bmrcj1, thus it is 1, which means

m = 1. This shows that if m � 2, then fmrg = 0, thus mr 2 Z for any

integer m � 2 and clearly r 2 Z.

Problem 3.1.6. Find the number of di�erent terms of the �nite sequence
�
k2

1998

�

, where k = 1; 2; : : : ; 1997.

(1998 Balkan Mathematical Olympiad)

Solution. Note that
�

9982

1998

�

= 498 < 499 =

�
9992

1998

�

;

so we can compute the total number of distinct terms by considering

k = 1; : : : ; 998 and k = 999; : : : ; 1997 independently. Observe that for

k = 1; : : : ; 997,
(k + 1)2

1998
� k2

1998
=

2k + 1

1998
< 1;

so for k = 1; : : : ; 998, each of the numbers

�
12

1998

�

= 0; 1; : : : ; 498 =

�
9982

1998

�

appears at least once in the sequence bk2=1998c for a total of 499 distinct

terms. For k = 999; : : : ; 1996, we have

(k + 1)2

1998
� k2

1998
=

2k + 1

1998
> 1;

so the numbers bk2=1998c (k = 999; : : : ; 1997) are all distinct, giving 1997�
999+1 = 999 more terms. Thus the total number of distinct terms is 1498.

Problem 3.1.7. Determine the number of real solutions a of the equation

ja

2

k

+
ja

3

k

+
ja

5

k

= a:

(1998 Canadian Mathematical Olympiad)

Solution. There are 30 solutions. Since ba=2c, ba=3c, and ba=5c are

integers, so is a. Now write a = 30p+ q for integers p and q, 0 � q < 30.

Then
ja

2

k

+
ja

3

k

+
ja

5

k

= a
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, 31p+
jq

2

k

+
j q

3

k

+
j q

5

k

= 30p+ q

, p = q �
jq

2

k

�
j q

3

k

�
jq

5

k

:

Thus, for each value of q, there is exactly one value of p (and one value

of a) satisfying the equation. Since q can equal any of thirty values, there

are exactly 30 solutions, as claimed.

Problem 3.1.8. Let � be the positive root of the equation t2�1998t�1 =

0. De�ne the sequence x0; x1; : : : by setting

x0 = 1; xn+1 = b�xnc; n � 0:

Find the remainder when x1998 is divided by 1998.

(1998 Iberoamerican Mathematical Olympiad)

Solution. We have

1998 < � =
1998 +

p
19982 + 4

2

= 999 +
p

9992 + 1 < 1999;

x1 = 1998, x2 = 19982. Since �2 � 1998�� 1 = 0,

� = 1998 +
1

�
and x� = 1998x+

x

�

for all real number x. Since xn = bxn�1�c and xn�1 is an integer and � is

irrational, we have

xn < xn�1� < xn + 1 or
xn

�
< xn�1 <

xn + 1

�
:

Since � > 1998, bxn=�c = xn�1 � 1. Therefore,

xn+1 = bxn�c =
j

1998xn +
xn

�

k

= 1998xn + xn�1 � 1;

i.e., xn+1 � xn�1 � 1 (mod 1998). Therefore by induction x1998 � x0 �
999 � 1000 (mod 1998).

Problem 3.1.9. Let n be a positive integer. Prove that for any real

number x,

bnxc = bxc +

�

x+
1

n

�

+ � � � +

�

x+
n� 1

n

�

(Hermite1).

1Charles Hermite (1822-1901), French mathematician who did brilliant work in many

branches of mathematics.
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Solution. Let f(x) be the di�erence between the right-hand side and

the left-hand side of (1). Then

f

�

x+
1

n

�

=

�

x+
1

n

�

+ � � � +

�

x+
1

n
+
n� 1

n

�

�
�

n

�

x+
1

n

��

=

�

x+
1

n

�

+ � � � +

�

x+
n� 1

n

�

+ bx+ 1c � bnx+ 1c;

and since bx+ kc = bxc + k for each integer k, it follows that

f

�

x+
1

n

�

= f(x)

for all real x. Hence f is periodic with period 1=n. Thus it su�ces to study

f(x) for 0 � x < 1=n. But f(x) = 0 for all these values, hence f(x) = 0 for

all real x, and the proof is complete.

Proposed problems

Problem 3.1.10. Let n be a positive integer. Find with proof a closed

formula for the sum:
�
n+ 1

2

�

+

�
n+ 2

22

�

+ � � � +

�
n+ 2k

2k+1

�

+ : : :

(10th IMO)

Problem 3.1.11. Compute the sum

X

0�i<j�n

�
x+ i

j

�

;

where x is a real number.

Problem 3.1.12. Evaluate the di�erence between the numbers

2000X

k=0

�
3k + 2000

3k+1

�

and

2000X

k=0

�
3k � 2000

3k+1

�

:

Problem 3.1.13. a) Prove that there are in�nitely many rational posi-

tive numbers x such that:

fx2g + fxg = 0; 99:

b) Prove that there are no rational numbers x > 0 such that:

fx2g + fxg = 1:
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(2004 Romanian Mathematical Olympiad)

Problem 3.1.14. Show that the fractional part of the number
p

4n2 + n

is not greater than 0.25.

(2003 Romanian Mathematical Olympiad)

Problem 3.1.15. Prove that for every natural number n,

n2
X

k=1

f
p
kg � n2 � 1

2
:

(1999 Russian Mathematical Olympiad)

Problem 3.1.16. The rational numbers �1; : : : ; �n satisfy

nX

i=1

fk�ig <
n

2

for any positive integer k.

(a) Prove that at least one of �1; : : : ; �n is an integer.

(b) Do there exist �1; : : : ; �n that satisfy

nX

i=1

fk�ig � n

2
;

such that no �i is an integer?

(2002 Belarus Mathematical Olympiad)

3.2 Floor function and integer points

The following results are helpful in proving many relations involving the


oor function.

Theorem 3.2.1. Let a; c be nonnegative real numbers and let f : [a; b] !
[c; d] be a bijective increasing function.

Then
X

a�k�b

bf(k)c +
X

c�k�d

bf�1(k)c � n(Gf ) = bbcbdc � �(a)�(c); (1)

where k is integer, n(Gf ) is the number of points with nonnegative integer

coordinates on the graph of f and � : R ! Z is de�ned by

�(x) =

8

><

>:

bxc if x 2 R n Z

0 if x = 0

x� 1 if x 2 Z n f0g
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Proof. For a bounded region M of the plane we denote by n(M) the

number of points with nonnegative integral coordinates in M .

Function f is increasing and bijective, hence continuous. Consider the

sets

M1 = f(x; y) 2 R2j a � x � b; 0 � y � f(x)g;

M2 = f(x; y) 2 R2j c � y � d; 0 � x � f�1(y)g;

M3 = f(x; y) 2 R2j 0 � x � b; 0 � y � dg;

M4 = f(x; y) 2 R2j 0 � x � a; 0 � y � cg:

6

-

d

c

a bO

M2

M1

y = f(x)

Then

n(M1) =
X

a�k�b

[f(k)]; n(M2) =
X

c�k�d

[f�1(k)];

n(M3) = [b][d]; n(M4) = �(a)�(c):

We have

n(m1) + n(M2) � n(M1 \M2) = n(M1 [M2);

hence

n(M1) + n(M2) � n(Gf ) = n(M3) � n(M4);

and the conclusion follows. �
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Theorem 3.2.2. Let m;n; s be positive integers, m � n, Then

sX

k=1

�
km

n

�

+
X

1�k� ms
n

�
kn

m

�

= s
jms

n

k

+

�
gcd(m;n) � s

n

�

: (2)

Proof. We �rst prove the following lemma.

Lemma. The array

1 �m
n

;
2 �m
n

; : : : ;
s �m
n

contains exactly

�
gcd(m;n) � s

n

�

integers.

Proof of the lemma. Let d be the greatest common divisor of m and n.

Hence m = m1d and n = n1d for some integers m1 and n1.

The numbers in the array are

1 �m1

n1
;

2 �m1

n1
; : : : ;

p �m1

n1

and, sincem1; n1 are relatively prime, there are

�
p

n1

�

integers among them.

Because n1 =
n

d
=

n

gcd(m;n)
it follows that there are

�
gcd(m;n)p

n

�

inte-

gers in the array. �

In order to prove the desired result, let us consider the function f :

[1; s] !
hm

n
;
ms

n

i

, f(x) =
m

n
x in Theorem 3.2.1. Using the lemma above

we have n(Gf ) =

�
gcd(m;n) � s

n

�

and the conclusion follows. �

Remark. The special case s = n leads to an important result:

nX

k=1

�
km

n

�

+

mX

k=1

�
kn

m

�

= mn+ gcd(m;n): (3)

Theorem 3.2.3. Let a; c be nonnegative real numbers and let f : [a; b] !
[c; d] be a bijective decreasing function.

Then
X

a�k�b

bf(k)c �
X

c�k�d

[f�1(k)] = bbc�(c) � bdc�(a);

where k is integer and � is the function de�ned in Theorem 3.2.1.

Proof. Function f is decreasing and bijective, hence continuous. Con-

sider the sets

N1 = f(x; y) 2 R2j a � x � b; c � y � f(x)g;
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N2 = f(x; y) 2 R2j c � y � d; a � x � f�1(y)g;
N3 = f(x; y) 2 R2j a � x � b; 0 � y � cg;
N4 = f(x; y) 2 R2j 0 � x � a; c � y � dg:

6

-

N1

y = f(x)
d

c

O a b

Then
X

a�k�b

bf(k)c = n(N1) + n(N3);

X

c�k�d

bf�1(k)c = n(N2) + n(N4);

n(N1) = n(N2), and

n(N3) = (bbc � �(a))�(c); n(N4) = (bdc � �(c))�(a)

It follows that
X

a�k�b

bf(k)c �
X

c�k�d

bf�1(k)c = n(N3) � n(N4) =

= bbc�(c) � bdc�(a);

as desired. �

Remark. Combining the result in Theorem 3.2.3 and the relation (3)

for the function f : [1; n] !
h

0;m� m

n

i

, f(x) = �m

n
x+ m, m � n, yields

after some computations:

nX

k=1

�
km

n

�

=
1

2
(mn+m� n+ gcd(m;n)): (4)
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From the above relation we obtain

gcd(m;n) = 2

n�1X

k=1

�
km

n

�

+m� n�mn;

i.e. a 1998 Taiwanese Mathematical Olympiad problem.

From here we get

n�1X

k=1

�
km

n

�

=

n�1X

k=1

lm

n
�

n�1X

k=1

�
km

n

�

=
m

n
� (n� 1)n

2
� 1

2
(mn�m� n+ gcd(m;n)) =

1

2
(n� gcd(m;n));

that is a 1995 Japanese Mathematical Olympiad problem.

Problem 3.2.1. Express

nX

k=1

b
p
kc in terms of n and a = bp

nc.

(1997 Korean Mathematical Olympiad)

Solution. We apply Theorem 3.2.1 for the function f : [1; n] ! [1;
p
n],

f(x) =
p
x. Because n(Gf ) = bp

nc, we have

nX

k=1

b
p
kc +

bp
nc

X

k=1

bk2c � bp
nc = nbp

nc;

hence
nX

k=1

b
p
kc = (n+ 1)a� a(a+ 1)(2a+ 1)

6
:

Problem 3.2.2. Compute

Sn =

n(n+1)
2X

k=1

��1 +
p

1 + 8k

2

�

Solution. Consider the function f : [1; n] !
�

1;
n(n+ 1)

2

�

,

f(x) =
x(x + 1)

2
:

Function f is increasing and bijective. Note that n(Gf ) = n and

f�1(x) =
�1 +

p
1 + 8x

2
. Applying formula in Theorem 3.2.1 we obtain

nX

k=1

�
k(k + 1)

2

�

+

n(n+1)
2X

k=1

��1 +
p

1 + 8k

2

�

� n =
n2(n+ 1)

2
;
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hence

n(n+1)
2X

k=1

��1 +
p

1 + 8k

2

�

=
n2(n+ 1)

2
+ n� 1

2

nX

k=1

k(k + 1) =

=
n2(n+ 1)

2
+ n� n(n+ 1)

4
� n(n+ 1)(2n+ 1)

12
=
n(n2 + 2)

3

Proposed problems

Problem 3.2.3. Prove that

nX

k=1

�
n2

k2

�

=
n2
X

k=1

�
np
k

�

for all integers n � 1:

Problem 3.2.4. Let � be a positive irrational number. Then, for any

positive integer m,

mX

k=1

bk�c +

bm�c
X

k=1

�
k

�

�

= mbm�c:

Problem 3.2.5. Let p and q be relatively prime positive integers and

let m be a real number such that 1 � m < p.

1) If s =

�
mq

p

�

, then

bmc
X

k=1

�
kq

p

�

+

sX

k=1

�
kp

q

�

= bmcs:

2) (Landau2) If p and q are odd, then

p�1
2X

k=1

�
kq

p

�

+

q�1
2X

k=1

�
kp

q

�

=
(p� 1)(q � 1)

4
:

3.3 An useful result

The following theorem is also helpful in proving some relations involving


oor function.

2Edmond Georg Hermann Landau (1877-1838), German mathematician who gave

the the �rst systematic presentation of analytic number theory and wrote important

work on the theory of analytic functions of single variable.
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Theorem 3.3.1. Let p be an odd prime and let q be an integer that is

not divisible by p. If f : Z�
+ ! R is a function such that:

i)
f(k)

p
is not an integer, k = 1; 2; : : : ; p� 1;

ii) f(k) + f(p� k) is an integer divisible by p, k = 1; 2; : : : ; p� 1, then

p�1
X

k=1

�

f(k)
q

p

�

=
q

p

p�1
X

k=1

f(k) � p� 1

2
: (1)

Proof. From ii) it follows that

qf(k)

p
+
qf(p� k)

p
2 Z (2)

and from i) we obtain that
qf(k)

p
62 Z and

qf(p� k)

p
62 Z, k = 1; : : : ; p� 1,

hence

0 <

�
qf(k)

p

�

+

�
qf(p� k)

p

�

< 2:

But, from (2),

�
qf(k)

p

�

+

�
qf(p� k)

p

�

2 Z, thus

�
qf(k)

p

�

+

�
qf(p� k)

p

�

= 1; k = 1; : : : ; p� 1:

Summing up and dividing by 2 yields

p�1
X

k=1

�
q

p
f(k)

�

=
p� 1

2
:

It follows that

p�1
X

k=1

q

p
f(k) �

p�1
X

k=1

�
q

p
f(k)

�

=
p� 1

2

and the conclusion follows. �

Problem 3.3.1. Let p and q be two relatively prime integers. The fol-

lowing identity holds:

p�1
X

k=1

�

k
q

p

�

=
(p� 1)(q � 1)

2
(Gauss):
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Solution. The function f(x) = x satis�es both i) and ii) in Theorem

3.3.1, hence
p�1
X

k=1

�

k
q

p

�

=
q

p

(p� 1)p

2
� p� 1

2
;

hence the desired relation follows.

Problem 3.3.2. Let p be an odd prime. Prove that

p�1
X

k=1

�
k3

p

�

=
(p� 2)(p� 1)(p+ 1)

4
:

(2002 German Mathematical Olympiad)

Solution. The function f(x) = x3 also satis�es conditions i) and ii),

hence

p�1
X

k=1

�

k3 q

p

�

=
q

p
� (p� 1)2p2

4
� p� 1

2
=

(p� 1)(p2q � pq � 2)

4
:

For q = 1 the identity in our problem follows.

Proposed problems

Problem 3.3.3. Let p be an odd prime and let q be an integer that is

not divisible by p. Shows that

p�1
X

k=1

�

(�1)kk2 q

p

�

=
(p� 1)(q � 1)

2
:

Problem 3.3.4. Let p be an odd prime. Show that

p�1
X

k=1

kp � k

p
� p+ 1

2
(mod p):
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It is clear that if l(N) = 0, then ln(Nn) = 0 : : : 0
| {z }

n times

and if l(N) = 1, then

l(Nn) = 1 for all n � 2.

Problem 4.1.1. What is the �nal digit of (: : : (((77)7)7) : : :7).

There are 1001 7s in the formula.

Solution. The �nal digit of a (decimal) number is its remainder modulo

10. Now 72 = 49 � �1 (mod 10). So 77 = (72)3 � 7 � �7 (mod 10), and

(77)7 � (�7)7 � �(77) � �(�7) � 7 (mod 10):

Proceeding in this way, we see that ((77)7)7 � 7 (mod 10), and in general

(: : : (((77)7)7) : : :7) � �7 (mod 10);

where the sign is + if alltogether there is an odd number of 7s in the

formula, and � if there is an even number of 7s. Now, 1001 is odd. So the

�nal digit of the given formula is 7.

Problem 4.1.2. Prove that every positive integer has at least as many

(positive) divisors whose last decimal digit is 1 or 9 as divisors whose last

digit is 3 or 7.

(1997 St. Petersburg City Mathematical Olympiad)

Solution. Let d1(m); d3(m); d7(m); d9(m) be the number of divisors of

m ending in 1, 3, 7, 9, respectively. We prove the claim by induction on

m; it holds obviously for m a prime power, and if m is composite, write

m = pq with p; q coprime, and note that

d1(m) � d3(m) � d7(m) + d9(m)

= (d1(p) � d3(p) � d7(p) + d9(p))(d1(q) � d3(q) � d7(q) + d9(q)):

For instance,

d3(m) = d1(p)d3(q) + d3(p)d1(q) + d7(p)d9(q) + d9(p)d7(q):

Problem 4.1.3. Find the least positive integer n with the following prop-

erties:

a) the last digit of its decimal representation is 6;

b) by deleting the last digit 6 and replacing it in front of the remaining

digits one obtains a number four times greater than the given number.

(4th IMO)
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Solution. Let n = 10kak + 10k�1ak�1 + � � � + 10a1 + 6 be the required

number. Writing n under the form n = 10N + 6, where 10k�1 < N < 10k,

the condition b) becomes:

4(10N + 6) = 6 � 10k +N:

Thus, we obtain

39N = 6 � 10k � 24;

and equivalently

13N = 2(10k � 4):

Thus, we obtain that 10k � 4 (mod 13).

It is more convenient to write:

(�3)k � 4 (mod 13):

From the conditions of the problem it is required the least k with this

property. We have:

(�3)2 = 9 (mod 13); (�3)3 � �27 (mod 13) � �1 (mod 13)

(�3)5 � (�3)2(�3)3 � �9 � 4 (mod 13):

Then, k = 5 is the least positive solution of the equation. Thus,

13N = 2 � 99996 ) N = 15384 ) n = 153846:

This number veri�es b).

Proposed problems

Problem 4.1.4. In how may zeroes can the number 1n + 2n + 3n + 4n

end for n 2 N?

(1998 St. Petersburg City Mathematical Olympiad)

Problem 4.1.5. Find the last 5 digits of the number 51981.

Problem 4.1.6. Consider all pairs (a; b) of natural numbers such that

the product aabb, written in base 10, ends with exactly 98 zeroes. Find the

pair (a; b) for which the product ab is smallest.

(1998 Austrian-Polish Mathematics Competition)
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4.2 The sum of the digits of a number

For a positive integer N = anan�1 : : : a0 in decimal representation we

denote by S(N) the sum of its digits a0+� � �+an�1+an. Problems involving

the function S de�ned above appear frequently in various contexts. We

present a few basic properties.

1) S(N) = N � 9
X

k�1

�
N

10k

�

;

2) 9jS(N) �N ;

3) (subadditivity): S(N1 +N2) � S(N1) + S(N2);

4) S(N1N2) � min(N1S(N2); N2(S(N1));

5) (submultiplicity): S(N1N2) � S(N1)S(N2).

Let us prove the last three properties. Using 1) and the inequality bx+

yc � bxc + byc we have

S(N1 +N2) = N1 +N2 � 9
X

k�1

�
N1 +N2

10k

�

� N1 +N2 � 9
X

k�1

��
N1

10k

�

+

�
N2

10k

��

= S(N1) + S(N2):

Because of the symmetry, in order to prove 4) it su�ces to prove that

S(N1N2) � N1S(N2).

The last inequality follows by applying the subadditivity property re-

peatedly. Indeed,

S(2N2) = S(N2 +N2) � S(N2) + S(N2) = 2S(N2)

and after N1 steps we obtain

S(N1N2) = S(N2 +N2 + � � � +N2
| {z }

N1 times

)

� S(N2) + S(N2) + � � � + S(N2)
| {z }

N1 times

= N1S(N2):

For 5) observe that

S(N1N2) = S

 

N1

hX

i=0

bi10i

!

= S

 
hX

i=0

N1bi10i

!

�
hX

i=0

S(N1bi10i)

=

hX

i=0

S(N2bi)S(10i) =

hX

i=0

S(N1bi) �
hX

i=0

biS(N1)
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= S(N1)

hX

i=0

bi = S(N1)S(N2):

Examples. 1) In the decimal expansion of N , the digits occur in increas-

ing order. What is S(9N)?

(1999 Russian Mathematical Olympiad)

Solution. Write N = akak�1 : : : a0. By performing the subtraction

ak ak�1 : : : a1 a0 0

� ak : : : a2 a1 a0

we �nd that the digits of 9N = 10N �N are

ak; ak�1;�ak; : : : ; a1 � a2; a0 � a1 � 1; 10 � a0

These digits sum to 10 � 1 = 9.

2) Find a positive integer N such that S(N) = 1996S(3N).

(1996 Irish Mathematical Olympiad)

Solution. Consider N = 1 33 : : :3
| {z }

5986 times

5. Then 3N = 4 00 : : :0
| {z }

5986 times

5 and

S(N) = 3 � 5986 + 1 + 5 = 17964 = 1996 � 9 = 1996S(N):

Problem 4.2.1. Determine all possible values of the sum of the digits

of a perfect square.

(1995 Iberoamerican Olympiad)

Solution. The sum of the digits of a number is congruent to the number

modulo 9, and so for a perfect square this must be congruent to 0, 1, 4 or

7. We show that all such numbers occur. The cases n = 1 and n = 4 are

trivial, so assume n > 4.

If n = 9m, then n is the sum of the digits of (10m�1)2 = 10m(10m�2)+1,

which looks like 9 : : : 980 : : :01. If n = 9m + 1, consider (10m � 2)2 =

10m(10m � 4) + 4, which looks like 9 : : : 960 : : :04. If n = 9m+ 4, consider

(10m � 3)2 = 10m(10m � 6) + 9, which looks like 9 : : : 94 : : : 09. Finally, if

n = 9m � 2, consider (10m � 5)2 = 10m(10m � 10) + 25, which looks like

9 : : : 900 : : :025.

Problem 4.2.2. Find the number of positive 6 digit integers such that

the sum of their digits is 9, and four of its digits are 1; 0; 0; 4.
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(2004 Romanian Mathematical Olympiad)

Solution. The pair of missing digits must be 1, 2 or 0, 3.

In the �rst case the �rst digit can be 1, 2 or 4. When 1 is the �rst digit,

the remaining digits, (1, 2, 0, 0, 4), can be arranged in 60 ways. When 4

or 2 is the �rst digit, the remaining ones can be arranged in 30 ways.

In the same way, when completing with the pair (0,3), the �rst digit can

be 1, 3 or 4. In each case, the remaining ones (three zeros and two distinct

non-zero digits) can be arranged in 20 ways.

In conclusion, we have 60 + 2 � 30 + 3 � 20 = 180 numbers which satisfy

the given property.

Problem 4.2.3. Find the sum of the digits of the numbers from 1 to

1,000,000.

Solution. Write the numbers from 0 to 999,999 in a rectangular array

as follows:

0 0 0 0 0 0

0 0 0 0 0 1

0 0 0 0 0 2

: : : : : : : : : : : : : : : : : :

0 0 0 0 0 9

0 0 0 0 1 0

0 0 0 0 1 1

: : : : : : : : : : : : : : : : : :

0 0 0 0 1 9

0 0 0 0 2 0

: : : : : : : : : : : : : : : : : :

9 9 9 9 9 9

There are 1,000,000 six-digits numbers, hence 6,000,000 digits are used.

In each column every digit is equally represented, as in the units column

each digit appears from 10 to 10, in the tens column each digit appears

successively in blocks of 10 and so on. Thus each digit appears 600,000

times, so the required sum is

600; 000 � 45 + 1 = 27; 000; 001

(do not forget to count 1 from 1,000,000).

Problem 4.2.4. Find all the positive integers n which are equal to the

sum of its digits added to the product of its digits.
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Solution. Let a1a2 : : : an, a1 6= 0 and a2; : : : ; an 2 f0; 1; : : : ; 9g, be a

number such that

a1a2 : : : an = a1 + a2 + � � � + an + a1a2 : : : an:

The relation is equivalent to

a1(10n�1 � 1) + a2(10n�2 � 1) + � � � + 9an�1 = a1a2 : : : an

and

a2(10n�2 � 1) + � � � + 9an�1 = a1(a2a3 : : : an � 99 : : :9
| {z }

n�1 digits

):

The left-hand side of the equality is nonnegative, whole the right-hand

side is nonpositive, hence both are equal to zero. The left-hand side is zero

if n = 0 or

a2 = a3 = � � � = an�1 = 0:

For a2 = a3 = � � � = an�1 = 0 the left-hand side do not equal zero, hence

n = 2. Then a1(a2 � 9) = 0, so a2 = 0 and a1 2 f1; 2; : : : ; 9g. The number

are 19, 29, 39, 49, 59, 69, 79, 89, 99.

Problem 4.2.5. What is the smallest multiple of 99 whose digits sum

to 99 and which begins and ends with 97?

(1997 Rio Platense Mathematical Olympiad)

Solution. We refer to the digits of the number besides the two 97s as

interior digits; the sum of these digits is 99�2(9+7) = 67. Since each digit

is at most 9, there are at least 8 such digits.

Note that the sum of digits being 99 forces the number to be divisible

by 9; thus it su�ces to ensure that the number be divisible by 11, which is

to say, the alternating sum of digits must be divisible by 11.

Suppose the number has exactly 8 interior digits. If a is the sum of the

odd interior places and b the sum of the even places, we have a + b = 67

and a� b � �3 (mod 11). Since a� b must also be odd, we have a� b � 7

or a� b � �15, and so either a � 37 or b � 41, contradicting the fact that

a and b are each the sum of four digits.

Now suppose the number has 9 interior digits. In this case, a � b � 0

(mod 11), so a � b � 11 or a � b � �11. In the latter case, b � 39, again

a contradiction, but in the former case, we have a � 39, which is possible

because a is now the sum of �ve digits. To minimize the original number,
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we take the odd digits to be 3, 9, 9, 9, 9 and the even digits to be 1, 9, 9,

9, making the minimal number 9731999999997.

Problem 4.2.6. Find all the positive integers n such that there are non-

negative integers a and b with

S(a) = S(b) = S(a+ b) = n:

(1999 Romanian Selection Test for JBMO)

Solution. We prove that the required numbers are all multiples of 9.

a) Let n be an integer such that there are positive integers a and b so

that

S(a) = S(b) � S(a+ b):

We prove that 9jn.

We have the property

9jk � S(k): (1)

Using the relation (1) we obtain

9ja� S(a) (2)

9jb� S(b) (3)

and

9j(a+ b) � S(a+ b): (4)

From (2) and (3) follows that

9ja+ b� (S(a) + S(b)) (5)

hence

9jS(a) + S(b) � S(a+ b) = n+ n� n = n; (6)

as desired.

b) Conversely, we prove that if n = 9p is a multiple of 9, then integers

a; b > 0 with S(a) = S(b) = S(a + b) can be found. Indeed, set a =

531531 : : :531
| {z }

3p digits

and b = 171171 : : :171
| {z }

3p digits

. Then a+ b = 702702 : : :702
| {z }

3p digits

and

S(a) = S(b) = S(a+ b) = 9p = n;

as claimed.
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Proposed problems

Problem 4.2.7. Show that there exist in�nitely many natural numbers

n such that S(3n) � S(3n+1).

(1997 Russian Mathematical Olympiad)

Problem 4.2.8. Do there exist three natural numbers a; b; c such that

S(a+ b) < 5, S(b+ c) < 5, S(c+ a) < 5, but S(a+ b+ c) > 50?

(1998 Russian Mathematical Olympiad)

Problem 4.2.9. Prove that there exist distinct positive integers

fnig1�i�50 such that

n1 + S(n1) = n2 + S(n2) = � � � = n50 + S(n50):

(1999 Polish Mathematical Olympiad)

Problem 4.2.10. The sum of the decimal digits of the natural number

n is 100, and that of 44n is 800. What is the sum of the digits of 3n?

(1999 Russian Mathematical Olympiad)

Problem 4.2.11. Consider all numbers of the form 3n2 + n+ 1, where

n is a positive integer.

(a) How small can the sum of the digits (in base 10) of such a number

be?

(b) Can such a number have the sum of its digits (in base 10) equal to

1999?

(1999 United Kingdom Mathematical Olympiad)

Problem 4.2.12. Consider the set A of all positive integers n with the

following properties: the decimal expansion contains no 0, and the sum of

the (decimal) digits of n divides n.

(a) Prove that there exist in�nitely many elements inA with the following

property: the digits that appear in the decimal expansion of A appear the

same number of times.

(b) Show that for each positive integer k, there exists an element in A

with exactly k digits.

(2001 Austrian-Polish Mathematics Competition)
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4.3 Other problems involving digits

Problem 4.3.1. Prove that there are at least 666 positive composite

numbers with 2006 digits, having a digit equal to 7 and all the rest equal

to 1.

Solution. The given numbers are

nk = 111 : : :17 11 : : :1
| {z }

k digits

= 111 : : :1
| {z }

2006 digits

+6 000 : : :0
| {z }

k digits

=
1

9
(102006 � 1) + 6 � 10k; k = 0; 2005:

It is obvious that none of these numbers is a multiple of 2, 3, 5 or 11, as

11 divides 111 : : :1
| {z }

2006 digits

, but not 6 � 10k.

So we are lead to the idea of counting multiples of 7 and 13. We have

9nk = 100 � 1000668 � 1 + 54 � 10k � 2 � (�1)668 � 1 + (�2) � 10k � 1 �
2 � 10k (mod 7), hence 7jnk if 10k � 3k � 4 (mod 7). This happens for

k = 4; 10; 16; : : : ; 2002 so there are 334 multiples of 7. Furthermore, 9nk =

7 � (�1)668 � 1 + 2 � 10k = 6 + 2 � 10k (mod 13), hence 13jnk if 10k �
10 (mod 13). This happens for k = 1; 7; 13; 19; : : : ; 2005, so there are 335

multiples of 13. In all we have found 669 non-prime numbers.

Problem 4.3.2. Let a1; a2; : : : ; a106 be nonzero integers between 1 and 9,

inclusive. Prove that at most 100 of the numbers a1a2 : : : ak (1 � k � 106)

are perfect squares.

(2001 Russian Mathematical Olympiad)

Solution. For each positive integer x, let d(x) be the number of decimal

digits in x.

Lemma. Suppose that y > x are perfect squares such that y = 102bx+ c

for some positive integers b; c with c < 102b. Then

d(y) � 1 � 2(d(x) � 1):

Proof. Because y > 102bx, we have
p
y > 10b

p
x. Because

p
y and 10b

p
x

are both integers,
p
y � 10bpx + 1, so that 102bx + c = y � 102bx + 2 �

10b
p
x+ 1. Thus, c � 2 � 10b

p
x+ 1.

Also, 102b > c by assumption, implying that

102b < c � 2 � 10b
p
x+ 1:
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Hence, 10b > 2
p
x. It follows that

y > 102bx > 4x2:

Therefore,

d(y) � 2d(x) � 1;

as desired.

We claim that there are at most 20 perfect squares a1a2 : : : ak with an

even (resp. odd) number of digits. Let s1 < s2 < � � � < sn be these perfect

squares. Clearly d(sn) � 106. We now prove that if n > 1, then d(sn) �
1 + 2n�1.

Because s1; s2; : : : ; sn all have an even (resp. odd) number of digits, for

each i = 1; 2; : : : ; n � 1, we can write si+1 = 102bsi + c for some integers

b > 0 and 0 � c < 102b. Because no ai equals 0, we further know that

0 < c. Hence, by our lemma,

d(si+1) � 1 � 2(d(si) � 1)

for each i = 1; 2; : : : ; n�1. Because d(s2)�1 � 2, we thus have d(sn)�1 �
2n�1, as desired.

Thus, if n > 1,

1 + 2n�1 � d(sn) � 106;

and

n �
�

log(106 � 1)

log 2

�

+ 1 = 20:

Hence, there are at most 20 perfect squares a1a2 : : : ak with an even (resp.

odd) number of digits.

Therefore, there are at most 40 < 100 perfect squares a1a2 : : : ak.

Proposed problems

Problem 4.3.3. A wobbly number is a positive integer whose digits in

base 10 are alternately non-zero and zero, the units digit being non-zero.

Determine all positive integers which do not divide any wobbly number.

(35th IMO Shortlist)

Problem 4.3.4. A positive integer is called monotonic if its digits in

base 10, read from left right, are in nondecreasing order. Prove that for

each n 2 N, there exists an n-digit monotonic number which is a perfect

square.
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(2000 Belarussian Mathematical Olympiad)
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n be the minimum of r and p� r. It follows that n < p=2 and p > 2n and

of course pjn4 + 1. Thus we have found for each p 2 P a good number np.

Since np � 4
p
p� 1, and P is in�nite, the set fnp : p 2 Pg is also in�nite.

Problem 5.1.2. Let a1; a2; : : : be strictly increasing sequence of positive

integers such that gcd(am; an) = agcd(m;n) for all positive integers m and n.

There exists a least positive integer k for which there exist positive integers

r < k and s > k such that a2
k = aras. Prove that r divides k and that k

divides s.

(2001 Indian Mathematical Olympiad)

Solution. We begin by proving a lemma.

Lemma. If positive integers a; b; c satisfy b2 = ac, then

gcd(a; b)2 = gcd(a; c) � a:

Proof. Consider any prime p. Let e be the highest exponent such that

pe divides b, and let e1 and e2 be the corresponding highest exponents for

a and c, respectively. Because b2 = ac, we have 2e = e1 + e2. If e1 � e,

then the highest powers of p that divide gcd(a; b), gcd(a; c), and a are e; e2

and e1, respectively. Otherwise, these highest powers are all e1. Therefore,

in both cases, the exponent of p on the left side of the desired equation is

the same as the exponent of p on the right side. The desired result follows.

�

Applying the lemma to the given equation a2
k = aras, we have

gcd(ar; ak)2 = gcd(ar; as)ar:

It now follows from the given equation that

a2
gcd(r;k) = agcd(r;s)ar:

Assume, for sake of contradiction, that gcd(r; k) < r, so that

agcd(r;k) < ar. Then from the above equation, it follows that agcd(r;k) >

agcd(r;s), so that gcd(r; k) > gcd(r; s). But then we have (k0; r0; s0) =

(gcd(r; k); gcd(r; s); r) satis�es a2
k0

= ar0as0 with r0 < k0 < s0 and

k0 < r < k, contradicting the minimality of k.

Thus, we must have gcd(r; k) = r, implying that rjk. Then

gcd(ar; ak) = agcd(r;k) = ar;
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so arjak. Thus as = ak
ak

ar
is an integer multiple of ak, and

agcd(k;s) = gcd(ak; as) = ak:

Because a1; a2; : : : is increasing, it follows that gcd(k; s) = k. Therefore,

kjs, completing the proof.

Problem 5.1.3. Determine all pairs (n; p) of positive integers such that

p is a prime, n � 2p and (p� 1)n + 1 is divisible by np�1.

(40th IMO)

Solution. All pairs (1; p), where p is a prime number, satisfy the con-

ditions. When p = 2, it follows n = 2 and thus the pair (2; 2) is also a

solution of the problem. Thus, we may suppose p � 3 and let n be such

that n � 2p and np�1 divides (p�1)n +1. Since (p�1)n +1 is odd number,

it follows that n < 2p. We shall prove that n = p.

Let q be a minimal prime divisor of n. Since qjn and np�1j(p� 1)n + 1,

it follows (p � 1)n � �1 (mod q). Since n and q � 1 are relatively prime

numbers we may express an+ b(q � 1) = 1.

We have

p�1 � (p�1)an+b(q�1) � (p�1)na(p�1)(q�1)b � (�1)a1b � �1 (mod q);

because a must be odd. This shows that qjp, and therefore q = p. Since

n < 2p, by the consideration of q, we have n = p.

Let consider in these conditions the original divisibility:

pp�1j(p� 1)p + 1 = pp �
�
p

1

�

pp�1 +

�
p

2

�

pp�2 � � � � +

�
p

p� 1

�

p� 1 + 1

= p2

�

pp�2 �
�
p

1

�

pp�3 +

�
p

2

�

pp�4 � � � � + 1

�

:

Therefore p� 1 = 2, p = 3 and then obtain the pair (3,3).

The conclusion is: the required solutions are (1; p), (2; 2) and (3; 3), where

p is an arbitrary prime.

Remark. With a little bit more work, we can even erase the condition

n � 2p.

5.1.2 Pigeonhole principle

Let S be a nonempty set and let S1; S2; : : : ; Sn be a partition of S (that

is S1 [ S2 [ � � � [ Sn = S and Si \ Sj = ; for i 6= j). If a1; a2; : : : ; an+1 are
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distinct elements in S, then there is a k 2 f1; 2; : : : ; n + 1g such that at

least two of these elements belong to Sk.

This simple observation is called the Pigeonhole Principle (or the Dirich-

let’s Principle).

Examples. 1) Let m1;m2; : : : ;mn+1 be distinct integers. Then mi � mj

(mod n) for some i; j 2 f1; 2; : : : ; n+ 1g, i 6= j.

Indeed, let St = fx 2 Zj x � t (mod n)g, t = 1; 2; : : : ; n. There is

a k 2 f1; 2; : : : ; n + 1g such that Sk contains at least two of the given

integers, say mi and mj . Then mi � mj (mod n).

2) (Erd�os) Given n + 1 distinct positive integers m1;m2; : : : ;mn+1 not

exceeding 2n, prove that there are two of them mi and mj such that mijmj .

Indeed for each s 2 f1; 2; : : : ; n+ 1g write ms = 2esqs, where es is a non-

negative integer and qs is an odd positive integer. Because q1; q2; : : : ; qn+1 2
f1; 2; : : : ; 2ng and the set f1; 2; : : : ; 2ng has exactly n odd elements, it fol-

lows that qi = qj for some i and j. Without loss of generality, assume that

ei < ej. Then mijmj , as desired.

Problem 5.1.4. Prove that among any integers a1; a2; : : : ; an, there are

some whose sum is a multiple of n.

Solution. Let s1 = a1, s2 = a1 + a2; : : : , sn = a1 + a2 + � � � + an.

If at least one of the integers s1; s2; : : : ; sn is divisible by n, then we are

done. If not, there are n � 1 possible remainders when s1; s2; : : : ; sn are

divided by n. It follows that si � sj (mod n) for some i and j, i < j. Then

sj � si = ai+1 + � � � + aj is a multiple of n (see also Example 1) above).

Problem 5.1.5. In a 10 � 10 table are written natural numbers not ex-

ceeding 10. Any two numbers that appear in adjacent or diagonally adjacent

spaces of the table are relatively prime. Prove that some number appears in

the table at least 17 times.

(2001 St. Petersburg City Mathematical Olympiad)

Solution. In any 2 � 2 square, only one of the numbers can be divisible

by 2 and only one can be divisible by 3, so if we tile the table with these

2 � 2 squares, at most 50 of the numbers in the table are divisible by 2

or 3. The remaining 50 numbers must be divided among the integers not

divisible by 2 or 3, and thus only ones available are 1, 5, and 7. By the

Pigeonhole Principle, one of these numbers appears at least 17 times.
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Problem 5.1.6. Prove that from any set of 117 pairwise distinct three-

digit numbers, it is possible to select 4 pairwise disjoint subsets such that

the sums of the numbers in each subset are equal.

(2001 Russian Mathematical Olympiad)

Solution. We examine subsets of exactly two numbers. Clearly, if two

distinct subsets have the same sum, they must be disjoint. The number of

two-element subsets is

�
117

2

�

= 6786. Furthermore, the lowest attainable

sum is 100 + 101 = 201, while the highest sum is 998 + 999 = 1997, for

a maximum of 1797 di�erent sums. By the Pigeonhole Principle and the

fact that 1797 � 3 + 1 = 5392 < 6786, we see that there are 4 two-element

subsets with the required property.

Proposed problems

Problem 5.1.7. Let n1 < n2 < � � � < n2000 < 10100 be positive inte-

gers. Prove that one can �nd two nonempty disjoint subsets A and B of

fn1; n2; : : : ; n2000g such that

jAj = jBj ;
X

x2A

x =
X

x2B

x; and
X

x2A

x2 =
X

x2B

x2:

(2001 Polish Mathematical Olympiad)

Problem 5.1.8. Find the greatest positive integer n for which there

exist n nonnegative integers x1; x2; : : : ; xn, not all zero, such that for any

sequence "1; "2; : : : ; "n of elements f�1; 0; 1g, not all zero, n3 does not divide

"1x1 + "2x2 + � � � + "nxn.

(1996 Romanian Mathematical Olympiad)

Problem 5.1.9. Given a positive integer n, prove that there exists " > 0

such that for any n positive real numbers a1; a2; : : : ; an, there exists t > 0

such that

" < fta1g; fta2g; : : : ; ftang < 1

2
:

(1998 St. Petersburg City Mathematical Olympiad)

Problem 5.1.10. We have 2n prime numbers written on the blackboard

in a line. We know that there are less than n di�erent prime numbers on
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the blackboard. Prove that there is a compact subsequence of numbers in

that line whose product is a perfect square.

Problem 5.1.11. Let x1 = x2 = x3 = 1 and xn+3 = xn + xn+1xn+2

for all positive integers n. Prove that for any positive integer m there is an

integer k > 0 such that m divides xk.

5.2 Mathematical induction

Mathematical induction is a powerful and elegant method for proving

statements depending on nonnegative integers.

Let (P (n))n�0 be a sequence of propositions. The method of mathemat-

ical induction assists us in proving that P (n) is true for all n � n0, where

n0 is a given nonnegative integer.

Mathematical Induction (weak form): Suppose that:

� P (n0) is true;

� For all k � n0, P (k) is true implies P (k + 1) is true.

Then P (n) is true for all n � n0.

Mathematical Induction (with step s): Let s be a �xed positive integer.

Suppose that:

� P (n0); P (n0 + 1); : : : ; P (n0 + s� 1) are true;

� For all k � n0, P (k) is true implies P (k + s) is true.

Then P (n) is true for all n � n0.

Mathematical Induction (strong form): Suppose that

� P (n0) is true;

� For all k � n0, P (m) is true for all m with n0 � m � k implies

P (k + 1) is true.

Then P (n) is true for all n � n0.

This method of proof is widely used in various areas of Mathematics,

including Number Theory.

Problem 5.2.1. Prove that, for any integer n � 2, there exist positive

integers a1; a2; : : : ; an such that aj � ai divides ai + aj for 1 � i < j � n.

(Kvant)
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Solution. We will prove the statement by induction on the number of

terms n. For n = 2, we can choose a1 = 1 and a2 = 2.

We assume that we can �nd integers a1; a2; : : : ; an such that aj � ai

divides ai + aj for 1 � i < j � n, where n is a positive integer greater than

1. Let m be the least common multiple of numbers a1; a2; : : : ; an; aj � ai,

for all 1 � i < j � n. Then

(a0
1; a

0
2; a

0
3; : : : ; an+1) = (m;m+ a1;m+ a2; : : : ;m+ an)

is a n+ 1 term sequence satisfying the conditions of the problem. Indeed,

a0
i � a0

1 = ai�1 divides m and a0
i + a0

1 = 2m + ai�1 by the de�nition of

m and a0
j � a0

i = aj�1 � ai�1 (2 � i < j � n + 1) divides m. Also,

a0
j + a0

i = 2m+ (aj�1 + ai�1) by the de�nition of m and by the inductive

hypothesis. Therefore our induction is complete.

Problem 5.2.2. Prove that, for each n � 2, the number n! can be rep-

resented as the sum of n distinct divisors of itself.

(Erd�os)

Solution. Strengthening the statement, by imposing the condition that

one of the n divisors should be 1, puts us in a winning position. The question

here is how we came to think of this. Well, there is just about one way to go

in using the induction hypothesis n! = d1+d2+� � �+dn (where d1; d2; : : : ; dn

are the n divisors arranged in increasing order); namely, multiplying the

above relation by n+ 1. This yields

(n+ 1)! = (n+ 1)d1 + (n+ 1)d2 + � � � + (n+ 1)dn

= d1 + nd1 + (n+ 1)d2 + � � � + (n+ 1)dn:

We split (n+1)d1 into d1 +nd1, thus getting n+1 summands, as needed.

Of them, only the second one might not be a divisor of (n+ 1)!. We would

like to ensure that it is such a divisor, too. Hence the idea of insisting that

d1 = 1.

Problem 5.2.3. Prove that there are in�nitely many numbers not con-

taining the digit 0, that are divisible by the sum of their digits.
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Solution. Let us prove by induction that 11 : : : 1
| {z }

3n

is a good choice. The

base case is clearly veri�ed and for the inductive step we have

11 : : :1
| {z }

3n+1

=
103 � 1

9
=

(103n

)3 � 1

9

=
103n � 1

9
(102�3n

+ 103n

+ 1)

= 11 : : :1
| {z }

3n

�N;

where N is a multiple of 3 and the conclusion follows.

Problem 5.2.4. Let n be a positive integer. Let On be the number of

2n-tuples (x1; : : : ; xn; y1; : : : ; yn) with values in 0 or 1 for which the sum

x1y1 + � � � + xnyn is odd, and let En be the number of 2n-tuples for which

the sum is even. Prove that

On

En
=

2n � 1

2n + 1
:

(1997 Iberoamerican Mathematical Olympiad)

Solution. We prove by induction that On = 22n�1 � 2n�1 and En =

22n�1 + 2n�1, which will give the desired ratio.

The base case is n = 1. This case works because O1 = 1 = 21 � 20, and

E1 = e = 21 + 20.

For the inductive step, we assume this is true for n = k; then x1y1 + � � �+
xkyk is even for 22k�1 + 2k�12k-tuples and odd for 22k�1 � 22k�12k-tuples.

Now, x1y1 + � � � + xk+1yk+1 is odd if and only if either x1y1 + � � � + xkyk is

odd and is even or x1y1 + � � �+xkyk is even and xk+1yk+1 is odd. xk+1yk+1

can be odd one way and even three ways, so

Ok+1 = 3(22k�1 � 2k�1) + 22k�1 + 2k�1 = 22(k+1)�1 � 2(k + 1) � 1

and Ek+1 = 22(k+1) �Ok+1, which completes the induction.

Problem 5.2.5. Prove that for all integers n � 3, there exist odd positive

integers x; y, such that 7x2 + y2 = 2n.

(1996 Bulgarian Mathematical Olympiad)

Solution. We will prove that there exist odd positive integers xn; yn

such that 7x2
n + y2

n = 2n, n � 3.
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For n = 3, we have x3 = y3 = 1. Now suppose that for a given integer

n � 3 we have odd integers xn; yn satisfying 7x2
n+y2

n = 2n. We shall exhibit

a pair (xn+1; yn+1) of odd positive integers such that 7x2
n+1 +y2

n+1 = 2n+1.

In fact,

7

�
xn � yn

2

�2

+

�
7xn � yn

2

�2

= 2(7x2
n + y2

n) = 2n+1

Precisely one of the numbers
xn + yn

2
and

jxn � ynj
2

is odd (as their sum

is the larger of xn and yn, which is odd). If, for example,
xn + yn

2
is odd,

then
7xn � yn

2
= 3xn +

xn � yn

2
is also odd (as a sum of an odd and an even number), hence in this case

we may choose

xn+1 =
xn + yn

2
and yn+1 =

7xn � yn

2

If
xn � yn

2
is odd, then

7xn + yn

2
= 3xn +

xn + yn

2

so we can choose

xn+1 =
jxn � ynj

2
and yn+1 =

7xn + yn

2
:

Remark. Actually, the problem goes back to Euler.

Problem 5.2.6. Let f(x) = x3 +17. Prove that for each natural number

n, n � 2, there is a natural number x for which f(x) is divisible by 3n but

not by 3n+1.

(1999 Japanese Mathematical Olympiad)

Solution. We prove the result by induction on n. If n = 2, then x = 1

su�ces. Now suppose that the claim is true for n � 2, that is, there is a

natural number y such that y3 + 17 is divisible by 3n but not 3n+1. We

prove that the claim is true for n+ 1.

Suppose we have integers a;m such that a is not divisible by 3 and

m � 2. Then a2 � 1 (mod 3) and thus 3ma2 � 3m (mod 3m+1). Also,

because m � 2 we have 3m� 3 � 2m� 1 � m+ 1. Hence

(a+ 3m�1)3 � a3 + 3ma2 + 32m�1a+ 33m�3 � a3 + 3m (mod 3m+1):
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Because y3 + 17 is divisible by 3n, it is congruent to either 0, 3n, or

2 � 3n modulo 3n+1. Because 3 does not divide 17, 3 cannot divide y either.

Hence applying our result from the previous paragraph twice, once with

(a;m) = (y; n) and once with (a;m) = (y + 3n�1; n), we �nd that 3n+1

must divide either (y + 3n�1)3 + 17 or (y + 2 � 3n�1)3 + 17.

Hence there exists a natural number x0 not divisible by 3 such that

3n+1jx03 + 17. If 3n+2 does not divide x03 + 17, we are done. Otherwise, we

claim the number x = x0 +3n su�ces. Because x = x0 +3n�1+3n�1+3n�1,

the result from previous the paragraphs tells us that x3 � x03 + 3n +

3n + 3n � x03 (mod 3n+1). Thus 3n+1jx3 + 17 as well. On the other hand,

because x = x0 + 3n, we have x3 � x03 + 3n+1 6� x03 (mod 3n+2). It follows

that 3n+2 does not divide x3 + 17, as desired. This completes the inductive

step.

Proposed problems

Problem 5.2.7. Let p be an odd prime. The sequence (an)n�0 is de�ned

as follows: a0 = 0, a1 = 1; : : : , ap�2 = p� 2 and, for all n � p� 1, an is the

least positive integer that does not form an arithmetic sequence of length

p with any of the preceding terms. Prove that, for all n, an is the number

obtained by writing n in base p� 1 and reading the result in base p.

(1995 USA Mathematical Olympiad)

Problem 5.2.8. Suppose that x; y and z are natural numbers such that

xy = z2+1. Prove that there exist integers a; b; c and d such that x = a2+b2,

y = c2 + d2, and z = ac+ bd.

(Euler’s problem)

Problem 5.2.9. Find all pairs of sets A;B, which satisfy the conditions:

(i) A [B = Z;

(ii) if x 2 A, then x� 1 2 B;

(iii) if x 2 B and y 2 B, then x+ y 2 A.

(2002 Romanian IMO Team Selection Test)

Problem 5.2.10. Find all positive integers n such that

n =
mY

k=0

(ak + 1);
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where amam�1 : : : a0 is the decimal representation of n.

(2001 Japanese Mathematical Olympiad)

Problem 5.2.11. The sequence (un)n�0 is de�ned as follows: u0 = 2,

u1 =
5

2
and

un+1 = un(u2
n�1 � 2) � u1 for n = 1; 2; : : :

Prove that [un] = 2
2n�(�1)n

3 , for all n > 0 ([x] denotes the integer part

of x).

(18th IMO)

5.3 In�nite descent

Fermat1 was the �rst mathematicians to use a method of proof called

the in�nite descent.

Let P be a property concerning the nonnegative integers and let

(P (n))n�1 be the sequence of propositions,

P (n): "n satis�es property P"

The following method is useful in proving that proposition P (n) is false

for all large enough n.

Let k be a nonnegative integer. Suppose that:

� P (k) is not true;

� if P (m) is true for a positive integer m > k, then there is some

smaller j, m > j � k for which P (j) is true.

Then P (n) is false for all n � k.

This is just the contrapositive of strong induction, applied to the negation

of proposition P (n). In the language of the ladder metaphor, if you know

you cannot reach any rung without �rst reaching a lower rung, and you

also know you cannot reach the bottom rung, then you cannot reach any

rungs.

1Pierre de Fermat (1601-1665), French lawyer and government o�cial most remem-

bered for his work in number theory, in particular for Fermat’s Last Theorem. He is also

important in the foundations of the calculus.
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The above is often called the �nite descent method.

The Fermat’s method of in�nite descent (FMID) can be formulated as

follows:

Let k be a nonnegative integer. Suppose that:

� if P (m) is true for an integer m > k, then there must be some smaller

integer j, m > j > k for which P (j) is true.

Then P (n) is false for all n > k.

That is, if there where an n for which P (n) was true, one could construct

a sequence n > n1 > n2 > : : : all of which would be greater than k, but

for the nonnegative integers, no such descending is possible.

Two special cases of FMID are particularly useful in solving Number

Theory problems.

FMID Variant 1. There is no sequence of nonnegative integers n1 >

n2 > : : :

In some situations it is convenient to replace FMID Variant 1 by the

following equivalent form: If n0 is the smallest positive integer n for which

P (n) is true, then P (n) is false for all n < n0. In fact, this is equivalent to

an extremal argument.

FMID Variant 2. If the sequence of nonnegative integers (ni)i�1 sat-

is�es the inequalities n1 � n2 � : : : , then there exists i0 such that

ni0 = ni0+1 = : : :

Problem 5.3.1. Find all triples (x; y; z) of nonnegative integers such

that

x3 + 2y3 = 4z3:

Solution. Note that (0,0,0) is such a triple. We will prove that there

is no other. Assume that (x1; y1; z1) is a nontrivial solution to the given

equation. Because 3
p

2, 3
p

4 are both irrational, it is not di�cult to see that

x1 > 0, y1 > 0, z1 > 0.

From x3
1 + 2y3

1 = 4z3
1 it follows that 2jx1, so x1 = 2x2, x2 2 Z+. Then

4x3
2 + y3

1 = 2z3
1 , hence y1 = 2y2, y2 2 Z+. Similarly, z1 = 2z2, z2 2 Z+.

We obtain the "new" solution (x2; y2; z2) with x1 > x2, y1 > y2, z1 > z2.

Continuing this procedure, we construct a sequence of positive integral

triples (xn; yn; zn)n�1 such that x1 > x2 > x3 > : : : But this contradicts

FMID Variant 1.



5.4. INCLUSION-EXCLUSION 115

Proposed problems

Problem 5.3.2. Find all primes p for which there exist positive integers

x; y and n such that pn = x3 + y3.

(2000 Hungarian Mathematical Olympiad)

5.4 Inclusion-exclusion

The main result in this section is contained in the following theorem.

Theorem 5.4.1. Let S1; S2; : : : ; Sn be the �nite sets. Then
�
�
�
�
�

n[

i=1

Si

�
�
�
�
�

=
nX

i=1

jSij �
X

1�i<j�n

jSi \ Sjj +
X

1�i<j<k�n

jSi \ Sj \ Skj

� � � � + (�1)n�1

�
�
�
�
�

n\

i=1

Si

�
�
�
�
�
;

where jSj denotes the number of elements in S.

Proof. We proceed by induction. For n = 2, we have to prove that

jS1 [ S2j = jS1j + jS2j � jS1 \ S2j. This is clear because the number of

elements in S1 [ S2 is the number of elements in S1 and S2 less the ones

in S1 \ S2, since the latter elements were counted twice.

The inductive step uses the formula above for S1 !
k[

i=1

Sk and S2 !

Sk+1. �

The formula in the Theorem is called the Inclusion-Exclusion Principle.

Example. How many positive integers not exceeding 1000 are divisible

by 2, or 3, or 5?

Solution. Consider the sets

S1 = f2mj1 � m � 500g; S2 = f3nj1 � n � 333g; S3 = f5pj1 � p � 200g:

Then

S1 \ S2 = f6qj1 � q � 166g; S1 \ S3 = f10rj1 � r � 100g;

S2 \ S3 = f15sj1 � s � 66g and S1 \ S2 \ S3 = f30uj1 � u � 33g:

Applying the Inclusion-Exclusion Principle we obtain

jS1[S2[S3j = jS1j+jS2j+jS3j�jS1\S2j�jS1\S3j = jS2\S3j�jS1\S2\S3j
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= 500 + 333 + 200 � 166 � 100 � 66 + 33 = 734:

The dual version of Theorem 5.4.1 is the following:

Theorem 5.4.2. Let S1; S2; : : : ; Sn be subsets of the �nite set S and let

Si = S � Si be the complementary set of Si, i = 1; 2; : : : ; n. Then

�
�
�
�
�

n\

i=1

Si

�
�
�
�
�

= jSj �
nX

i=1

jSij +
X

1�i<j�n

jSi \ Sj j �
X

1�i<j<k�n

jSi \ Sj \ Skj

+ � � � + (�1)n

�
�
�
�
�

n\

i=1

Si

�
�
�
�
�
:

Proof. Let

A =

n\

i=1

Si and B =

n[

i=1

Si:

It is clear that A[B = S and A\B = ;. Hence jSj = jAj + jBj and the

conclusion follows from Theorem 5.4.1. �

Example. How many positive integers exceeding 120 are divisible by

neither 2, nor 3, nor 5?

Solution. Consider the sets

S1 = f2mj1 � m � 60g; S2 = f3nj1 � n � 40g; S3 = f5pj1 � p � 24g:

We have

S1 \ S2 = f6qj1 � q � 20g; S1 \ S3 = f10rj1 � r � 12g;

S2 \ S3 = f15sj1 � s � 8g and S1 \ S2 \ S3 = f30uj1 � u � 4g:

Applying the formula in Theorem 5.3.2, we get

jS1 \S2 \S3j = 120 � (jS1j + jS2j + jS3j) + jS1 \S2j + jS1 \ S3j + jS2 \S3j

�jS1 \ S2 \ S3j = 120 � (60 + 40 + 24) + 20 + 12 + 8 � 4 = 32:

Problem 5.4.1. Let S = f1; 2; 3; : : : ; 280g. Find the smallest integer

n such that each n-element subset of S contains �ve numbers which are

pairwise relatively prime.

(32nd IMO)
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Solution. The solutions is given in two steps.

First step. Let consider the sets

M2 = f2; 4; 6; : : : ; 280g; M3 = f3; 6; 9; : : : ; 279g;

M5 = f5; 10; 15; : : : ; 280g; M7 = f7; 14; : : : ; 280g

and let M = M2 [M3 [M5 [M7. The following cardinalities are obvious:

jM2j = 140; jM3j = 93; jM5j = 56 and jM7j = 40:

It is easy to prove that:

jM2 \M3j =

�
280

6

�

= 46; jM2 \M5j =

�
280

10

�

= 28;

jM2 \M7j =

�
280

14

�

= 20; jM3 \M5j =

�
280

15

�

= 18;

jM3 \M7j =

�
280

21

�

= 13; jM5 \M7j =

�
280

35

�

= 8;

jM2 \M3 \M5j =

�
280

30

�

= 9; jM2 \M3 \M7j =

�
280

42

�

= 6;

jM2 \M5 \M7j =

�
280

70

�

= 4; jM4 \M5 \M7j =

�
28

105

�

= 2

and

jM2 \M3 \M5 \M7j =

�
280

210

�

= 1:

By the Principle of Inclusion-Exclusion we obtain:

jM j = jM2 [M3 [M5 [M7j

= 140+93+56+40�(46+28+20+18+13+8)+(9+6+4+2)�1 = 216:

By the Pigeonhole Principle, any �ve-element subset of M contains at

least two elements from the same subset Mi, i 2 f2; 3; 5; 7g. These elements

are not relatively prime numbers. Thus, we prove that n > 216.

Second step. We will prove that n = 217.

The set S n M contains 280 � 216 = 64 elements. It contains prime

numbers and composite numbers. Taking account that [
p

280] = 16, we

may state that the composite numbers in S nM are precisely the elements

of the set

C = f112; 11 � 13; 11 � 17; 11 � 19; 11 � 23; 132; 13 � 17; 13 � 19g:
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Observe that jCj = 8. Thus, the set S n M contains 1, 8 composite

numbers are 55 prime numbers. Also, taking in account the prime numbers

2, 3, 5, 7 we infer that the set S contains 59 prime numbers in all.

Let p1 = 2, p2 = 3, p3 = 5; : : : ; p59 be all these prime numbers and let

denote P = f1; p2; p2; : : : ; p59g. Thus, jP j = 60.

Let T be a subset containing 217 elements of S. If jT \ P j � 5 it follows

that T contains 5 elements which are relatively prime numbers. So, let

suppose jT \ P j � 4. In this case, jT \ (S n P )j � 217 � 4 = 213. Since

S contains 220 composite numbers, it follows that at most 7 composite

numbers are not in T .

Consider the following �ve-element subsets of S n P :

A1 = f22; 32; 52; 72; 132g

A2 = f2 � 23; 3 � 19; 5 � 17; 7 � 13; 11 � 11g

A3 = f2 � 29; 3 � 23; 5 � 19; 7 � 17; 11 � 13g

A4 = f2 � 31; 3 � 29; 5 � 23; 7 � 19; 11 � 17g

A5 = f2 � 37; 3 � 31; 5 � 29; 7 � 23; 11 � 19g

A6 = f2 � 41; 3 � 37; 5 � 31; 7 � 29; 11 � 23g

A7 = f2 � 43; 3 � 41; 5 � 37; 7 � 23; 13 � 17g

A8 = f2 � 47; 3 � 43; 5 � 41; 7 � 37; 12 � 19g:

By the Pigeonhole Principle, there exists a set Ai, 1 � i � 8, such that

Ai � T ; if not, the set S n T would contain 8 composite numbers. Each Ai

contains �ve relatively prime numbers and we are done.

Proposed problems

Problem 5.4.2. The numbers from 1 to 1000000 can be colored black or

white. A permissible move consists of selecting a number from 1 to 1000000

and changing the color of that number and each number not relatively

prime to it. Initially all of the numbers are black. Is it possible to make a

sequence of moves after which all of the numbers are colored white?

(1999 Russian Mathematical Olympiad)
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An important arithmetic function is the M�obius1 function de�ned by

�(n) =

8

><

>:

1 if n = 1

0 if p2jn for some prime p > 1

(�1)k if n = p1 : : : pk; where p1; : : : ; pk are distinct primes

For example, �(2) = �1, �(b) = 1, �(12) = �(22 � 3) = 0.

Theorem 6.1.1. The M�obius function � is multiplicative.

Proof. Let m;n be positive integers such that gcd(m;n) = 1. If p2jm for

some p > 1, then p2jmn and so �(m) = �(mn) = 0 and we are done.

Consider now m = p1 : : : pk, n = q1 : : : qh, where p1; : : : ; pk; q1; : : : ; qh

are distinct primes. Then �(m) = (�1)k, �(n) = (�1)h, and mn =

p1 : : : pkq1 : : : qh. It follows that �(mn) = (�1)k+h = (�1)k(�1)h =

�(m)�(n). �

For an arithmetic function f we de�ne its summation function F by

F (n) =
X

djn
f(d):

The connection between f and F is given by the following result.

Theorem 6.1.2. If f is multiplicative, then so is its summation function

F .

Proof. Let m;n be positive integers such that gcd(m;n) = 1 and let

d be a divisor of mn. Then d can be uniquely represented as d = kh,

where kjm and hjn. Because gcd(m;n) = 1, we have gcd(k; h) = 1, so

f(kh) = f(k)f(h). Hence

F (mn) =
X

djmn

f(d) =
X

kjm
hjn

f(k)f(h)

=

0

@
X

kjm
f(k)

1

A

0

@
X

hjn
f(h)

1

A = F (m)F (n): �

Remark. If f is a multiplicative function and n = p�1
1 : : : p�k

k , then

F (n) =

kY

i=1

(1 + f(pi) + � � � + f(p�i

i )) (1)

1August Ferdinand M�obius (1790-1868), German mathematician best known for his

work in topology, especially for his conception of the M�obius strip, a two dimensional

surface with only one side.
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Indeed, after multiplication in the right hand side we get a sum hav-

ing terms of the form f(p�1

1 ) : : : f(p�k

k ) = f(p�1

1 : : : p�k

k ), where 0 � �1 �
�1; : : : ; 0 � �k � �k. This sum is obviously F (n).

From (1) we can derive the following formula

X

djn
�(d)f(d) = (1 � f(p1)) : : : (1 � f(pk)): (2)

The function g(n) = �(n)f(n) is multiplicative, hence applying (1) we

get for its summation function G

G(n) =

kY

i=1

(1 + �(pi)f(pi)) =

kY

i=1

(1 � f(pi)):

Theorem 6.1.3. (M�obius inversion formula) Let f be an arithmetic func-

tion and let F be its summation function. Then

f(n) =
X

djn
�(d)F

�n

d

�

: (3)

Proof. We have

X

djn
�(d)F

�n

d

�

=
X

djn
�(d)

0

@
X

cj n
d

f(c)

1

A =
X

djn

0

@
X

cj n
d

�(d)f(c)

1

A

=
X

cjn

0

@
X

dj n
c

�(d)f(c)

1

A =
X

cjn
f(c)

0

@
X

dj n
c

�(d)

1

A = f(n);

since for
n

c
> 1 we have

X

dj n
c

�(d) = 0.

We have used the fact that sets
n

(d; c)j djn and cjn
d

o

and
n

(d; c)j cjn and djn
c

o

are equal. �

Theorem 6.1.4. Let f be an arithmetic function and let F be its sum-

mation function. If F is multiplicative, then so is f .

Proof. Let m;n be positive integers such that gcd(m;n) = 1 and let d be

a divisor of mn. Then d = kh where kjm, hjn and gcd(k; h) = 1. Applying

M�obius inversion formula it follows

f(mn) =
X

djmn

�(d)F
�mn

d

�

=
X

kjm
hjn

�(kh)F
�mn

kh

�
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=
X

kjm
hjn

�(k)�(h)F
�m

k

�

F
�n

h

�

=

0

@
X

kjm
�(k)F

�m

k

�

1

A

0

@
X

hjn
�(h)F

�n

h

�

1

A

= f(m)f(n): �

Let f and g be two arithmetic functions. De�ne their convolution product

or Dirichlet2 product f � g by

(f � g)(n) =
X

djn
f(d)g

�n

d

�

Problem 6.1.1. 1) Prove that the convolution product is commutative

and associative.

2) Prove that for any arithmetic function f ,

f � " = " � f = f;

where "(n) = 1 if n = 1 and 0 otherwise.

Solution. Let f and g be two arithmetic functions. Then

(f � g)(n) =
X

djn
f(d)g

�n

d

�

=
X

d1jn
f

�
n

d1

�

g(d1) = (g � f)(n);

since if d runs through all divisors of, then so does d1 =
n

d
. Therefore

f � g = g � f .

Let f; g; h be arithmetic functions. To prove the associativity law, let

u = g � h and consider f � u = f � (g � h). We have

(f � u)(n) =
X

ajn
f(a)u

�n

a

�

=
X

ad=n

f(a)
X

bc=d

g(b)h(c)

=
X

abc=n

f(a)g(b)h(c)

Similarly, if we set v = f � g and consider v � h, we have

(v � h)(n) =
X

dc=n

v(d)h(c) =
X

dc=n

X

ab=d

f(a)g(b)h(c)

2Johann Peter Gustav Lejeune Dirichlet (1805-1859), German mathematician who

proved in 1837 that there are in�nitely many primes in any arithmetic progression of

integers for which the common di�erence is relatively prime to the terms. Dirichlet

has essential contributions in number theory, probability theory, functional analysis and

Fourier series.
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=
X

abc=n

f(a)g(b)h(c);

hence f � (g � h) = (f � g) � h.

2) We have

(" � f)(n) =
X

djn
"(d)f

�n

d

�

= f(n);

and we get " � f = f � " = f .

Problem 6.1.2. Let f be an arithmetical function. If f(1) 6= 0, then

there is a unique arithmetical function g such that

f � g = ":

Solution. We show by induction on n that (f �g)(n) = "(n) has a unique

solution g(1); : : : ; g(n).

For n = 1, we have f(1)g(1) = 1, hence g(1) =
1

f(1)
.

Suppose n > 1 and assume g(1); : : : ; g(n� 1) have been determined such

that (f � g)(k) = "(k) holds for k = 1; 2; : : : ; n� 1. Then

f(1)g(n) +
X

djn
d>1

f(d)g
�n

d

�

= 0;

and we get

g(n) = � 1

f(1)

X

djn
d>1

f(d)g
�n

d

�

i.e. the function g is unique.

Remark. The unique function g satisfying f � g = " where f(1) 6= 0 is

called the convolution inverse of f .

Problem 6.1.3. If f and g are multiplicative, so is their convolution

product.

Solution. Let h = f � g. We have

h(mn) =
X

cjmn

f(c)g
�mn

c

�

Set c = ab, where ajm and bjn. Since gcd(m;n) = 1, we have

h(mn) =
X

ajm

X

bjn
f(ab)g

�m

a

n

b

�
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=

0

@
X

ajm
f(a)g

�m

a

�

1

A

0

@
X

bjn
f(b)g

�n

b

�

1

A = h(m)h(n):

Problem 6.1.4. 1) If both g and f � g are multiplicative, then f is also

multiplicative.

2) If g is multiplicative, then so is its convolution inverse.

Solution. 1) We shall prove by contradiction. Suppose f is not multi-

plicative. Let h = f � g. Since f is not multiplicative, there exist m and

n, gcd(m;n) = 1 such that f(mn) 6= f(m)f(n). We choose mn as small

as possible. If mn = 1, then we get f(1) 6= f(1)f(1) so f(1) 6= 1. Since

h(1) = f(1)g(1) = f(1) 6= 1, h is not multiplicative, a contradiction. If

mn > 1, we have f(ab) = f(a)f(b) for all ab < mn with gcd(a; b) = 1. Now

h(mn) = f(mn)g(1) +
X

ajm
bjn

f(ab)g
�mn

ab

�

= f(mn) +
X

ajm
bjn

ab<mn

f(a)f(b)g
�m

a

�

g
�n

b

�

= f(mn) � f(m)f(n) +h(m)h(n):

Since f(mn) 6= f(m)f(n), h(mn) 6= h(m)h(n). Therefore, h is not mul-

tiplicative, a contradiction.

2) Denote by g�1 the convolution inverse of g. Then " = g�g�1 = g�1 �g
and g are both multiplicative. From the previous result it follows that g�1

is multiplicative.

Problem 6.1.5. Prove that the arithmetic function f is completely mul-

tiplicative if and only if f � f = f� , where �(n) is the number of divisors

of n.

(American Mathematical Monthly)

Solution. If f is completely multiplicative, we have

(f � f)(n) =
X

djn
f(d)f

�n

d

�

=
X

djn
f
�

d
n

d

�

=
X

djn
f(n)

= f(n)
X

djn
1 = f(n)�(n) = (f�)(n);

and the relation follows.

Conversely, take n = 1, and it follows f(1) = 0 or f(1) = 1. Now

suppose that n � 2 and let n = p�1
1 : : : p�k

k the prime factorization of
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n. Put �(n) = �1 + � � � +�k. It su�ce to show that for any positive integer

n � 2, the following relation holds

f(n) = f(1)f(p1)�1 : : : f(pk)�k :

We proceed by induction on �. If �(n) = 1, then n is a prime, say n = p,

and the property follows from the fact that

2f(p) = �(p)f(p) = f(1)f(p) + f(p)f(1) = 2f(1)f(p)

Suppose then that the property holds for all n with �(n) � k. Take any

n with �(n) = k + 1. Then

�(n)f(n) = 2f(1)f(n) +
X

f(a)f(b);

where the sum runs over all a; b with ab = n and 1 < a; b < n. It follows

that �(a) � k, �(b) � k and from the inductive assumption we get

�(n)f(n) = 2f(1)f(n) + (�(n) � 2)f2(1)f(p1)�1 : : : f(pk)�k

Since n is not a prime, certainly �(n) > 2 and so, for both f(1) = 0 and

f(1) = 1, the desired result follows.

Proposed problems

Problem 6.1.6. Let f be a function from the positive integers to the

integers satisfying f(m + n) � f(n) (mod m) for all m;n � 1 (e.g., a

polynomial with integer coe�cients). Let g(n) be the number of values

(including repetitions) of f(1); f(2); : : : ; f(n) divisible by n, and let h(n)

be the number of these values relatively prime to n. Show that g and h are

multiplicative functions related by

h(n) = n
X

djn
�(d)

g(d)

d
= n

kY

j=1

�

1 � g(pj)

pj

�

;

where n = p�1
1 : : : p�k

k is the prime factorization of n.

(American Mathematical Monthly)

Problem 6.1.7. De�ne �(1) = 1, and if n = p�1
1 : : : p�k

k , de�ne

�(n) = (�1)�1+���+�k
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1) Show that � is completely multiplicative.

2) Prove that

X

djn
�(d) =

(

1 if n is a square

0 otherwise

3) Find the convolutive inverse of �.

Problem 6.1.8. Let an integer n > 1 be factored into primes: n =

p�1
1 : : : p�m

m (pi distinct) and let its own positive integral exponents be fac-

tored similarly. The process is to be repeated until it terminates with a

unique "constellation" of prime numbers. For example, the constellation

for 192 is 192 = 222�3 � 3 and for 10000 is 10000 = 222 � 52. Call an arith-

metic function g generally multiplicative if g(ab) = g(a)g(b) whenever the

constellations for a and b have no prime in common.

1) Prove that every multiplicative function is generally multiplicative. Is

the converse true?

2) Let h be an additive function (i.e. h(ab) = h(a) + h(b) whenever

gcd(a; b) = 1). Call a function k generally additive if k(ab) = k(a) + k(b)

whenever the constellations for a and b have no prime in common. Prove

that every additive function is generally additive. Is the converse true?

(American Mathematical Monthly)

6.2 Number of divisors

For a positive integer n denote by �(n) the number of its divisors. It is

clear that

�(n) =
X

djn
1;

that is � is the summation function of the multiplicative function f(m) = 1,

m 2 Z�
+. Applying Theorem 6.1.2 it follows that � is multiplicative.

Theorem 6.2.1. If n = p�1
1 : : : p�k

k is the prime factorization of n, then

�(n) = (�1 + 1) : : : (�k + 1): (4)

Proof. Using the fact that � is multiplicative, we have

�(n) = �(p�1
1 ) : : : �(p�k

k ) = (�1 + 1) : : : (�k + 1);

because p�i

i has exactly �i + 1 divisors, i = 1; : : : ; k. �
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Problem 6.2.1. For any n � 2

�(n) =

nX

k=1

�jn

k

k

�
�
n� 1

k

��

:

Solution. Note that

jn

k

k

�
�
n� 1

k

�

=

(

1 if kjn
0 otherwise

Hence
nX

k=1

�jn

k

k

�
�
n� 1

k

��

=
X

kjn
1 = �(n):

Remark. It is clear that n is a prime if and only if �(n) = 2. Hence

nX

k=1

�jn

k

k

�
�
n� 1

k

��

= 2

if and only if n is a prime.

Problem 6.2.2. Find all positive integers d that have exactly 16 positive

integral divisors d1; d2; : : : ; d16 such that

1 = d1 < d2 < � � � < d16 = d;

d6 = 18 and d9 � d8 = 17.

(1998 Irish Mathematical Olympiad)

Solution. Let d = p�1
1 p�2

2 : : : p�m
m with p1; : : : ; pm distinct primes. Then

n has (a1 + 1)(a2 + 1) : : : (an + 1) divisors. Since 18 = 2 � 32, it has 6

divisors: 1, 2, 3, 6, 9, 18. Since d has 16 divisors, we know that d = 2 � 33p

or d = 2 � 37. If b = 2 � 37, d8 = 54, d9 = 81 and d9 � d8 6= 17. Thus

d = 2 � 33p for some prime p > 18. If p < 27, then d7 = p, d8 = 27,

d9 = 2p = 27 + 17 + 44 ) p = 22, a contradiction. Thus p > 27. If p < 54,

d7 = 27, d8 = p, d9 = 54 = d8 + 17 ) p = 37. If p > 54, then d7 = 27,

d8 = 54, d9 = d8 + 17 = 71. We obtain two solutions for the problem:

2 � 33 � 37 = 1998 and 2 � 33 � 71 = 3834.

Problem 6.2.3. For how many a) even and b) odd numbers n, does n

divide 312 � 1, yet n does not divide 3k � 1 for k = 1; 2; : : : ; 11.

(1995 Austrian Mathematical Olympiad)
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Solution. We note

312 � 1 = (36 � 1)(36 + 1)

= (32 � 1)(34 + 32 + 1)(32 + 1)(34 � 32 + 1)

= (23)(7 � 13)(2 � 5)(73):

Recall that the number of divisors of pe1
1 : : : pek

k is (e1 + 1) : : : (ek + 1).

Therefore 312 � 1 has 2 � 2 � 2 � 2 = 16 odd divisors and 4 � 16 = 64 even

divisors.

If 312 � 1 (mod m) for some integer m, then the smallest integer d such

that 3d � 1 (mod m) divides 12. (Otherwise we could write 12 = pq + r

with 0 < r < d and �nd 3r � 1 (mod m)). Hence to ensure n - 3k � 1 for

k = 1; : : : ; 11, we need only check k = 1; 2; 3; 4; 6. But

31 � 1 = 2

32 � 1 = 23

33 � 1 = 2 � 13

34 � 1 = 24 � 5

36 � 1 = 23 � 7 � 13:

The odd divisors we throw out are 1, 5, 7, 13, 91, while the even divisors

are 2i for 1 � i � 4, 2i � 5 for 1 � i � 4, and each of 2j � 7, 2j � 13, and

2j � 7 � 13 for 1 � i � 3. As we are discarding 17 even divisors and 5 odd

ones, we remain with 47 even divisors and 11 odd ones.

Problem 6.2.4. Let �(n) denote the number of divisors of the natural

number n. Prove that the sequence �(n2 + 1) does not become monotonic

from any given point onwards.

(1998 St. Petersburg City Mathematical Olympiad)

Solution. We �rst note that for n even, �(n2 + 1) � n. Indeed, exactly

half of the divisors of n2 + 1 are less than n, and all are odd, so there are

at most 2(n=2) in all.

Now if �(n2 + 1) becomes strictly monotonic for n � N , then

�((n+ 1)2 + 1) � �(n2 + 1) + 2

for n � N (since �(k) is even for k not a perfect square). Thus

�(n2 + 1) � �(N2 + 1) + 2(n�N)

which exceeds n for large, contradiction.
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Proposed problems

Problem 6.2.5. Does there exist a positive integer such that the product

of its proper divisors ends with exactly 2001 zeroes?

(2001 Russian Mathematical Olympiad)

Problem 6.2.6. Prove that the number of divisors of the form 4k+ 1 of

each positive integer is not less than the number of its divisors of the form

4k + 3.

Problem 6.2.7. Let d1; d2; : : : ; dl be all positive divisors of a positive

integer. For each i = 1; 2; : : : ; l denote by ai the number of divisors of di.

Then

a3
1 + a3

2 + � � � + a3
l = (a1 + a2 + � � � + al)

2:

6.3 Sum of divisors

For a positive integer n denote by �(n) the sum of its divisors. It is clear

that

�(n) =
X

djn
d;

that is � is the summation function of the multiplicative function d(m) =

m, m 2 Z�
+. Applying Theorem 6.1.2 it follows that � is multiplicative.

Theorem 6.3.1. If n = p�1
1 : : : p�k

k is the prime factorization of n, then

�(n) =
p�1+1
1 � 1

p1 � 1
: : :

p�k+1
k � 1

pk � 1
:

Proof. Because � is multiplicative, it su�ces to compute �(p�i

i ), i =

1; : : : ; k. The divisors of p�i

i are 1; pi; : : : ; p
�i

i , hence

�(p�i

i ) = 1 + pi + � � � + p�i

i =
p�1+1

i � 1

pi � 1

and the conclusion follows. �

Problem 6.3.1. For any n � 2,

�(n) =

nX

k=1

k

�jn

k

k

�
�
n� 1

k

��

:




