

































































































































































































































































































































































































































































































































































=92 —52)=9-1=9

for all n > 1.
It is clear that u2 —5v2 = 1 implies u, odd and v,, even for all n > 1.

It follows that the sequences (ay), (bn), where

Ty — 1 3u, — 1 v
”2 = ”2 + v, bn=g2£+3un+15—273, n>1

an —

are strictly increasing and a,(an + 1) divides b2 + 1.

3.4. The Negative Pell’s Equation
1. The equation is equivalent to
20z —y)? - (z +y)? =1

Performing the substitutions X = z+y,Y =z —y, £ > y, we obtain

the negative Pell’s eqpation
X?-2v%=-1.
By Theorem 3.4.1, its general solution '(Xn, Yn)n>1 is given by
Xn=up+2v,, Y,=u,+v,

where (un, Un)n>1 is the general solution to the Pell’s resolvent u2—2v2 =

1, that is

1 n ( n __1_ n__ _ n
un=—2—[(3+2\/§) —(3-2v2)", vn—zﬁ[(3+2\/§) (3-2v2)".

We obtain

1
Xn = u, + 2'Un = 5[(1 + \/§)2n+1 + (1 _ \/'2_)2n+1]

[(1 + ﬁ)2n+1 _ (1 _ \/i)Zn-H]

Y,=un,+v, =

1
2v/2

187



hence

1 | 1
:En = "2‘(Xn + Yn) =

_4_\_/__5[(1 + \/§)2n+2 _ (1 _ \/'2')2n+2]’

b = 5 = Yi) = 7=[(1+ VD™ - (1 - V)]

The sequence (Pp,)m>1, given by

P = 2.1%[(1 V™ - (1 - V)]
is known as Pell’s sequence. It satisfies the recursive relation P41 =
2P,, + Py,_1, P, =1, P, = 2. Hence the solutions to our equation can
be written in the form
(ZnyYn) = (‘;‘P2n+2, %P2n> ,  (@nyyn) = (‘;‘P2n,%P2n+2) , n>1

where the second solution followed by the symmetry in z and y.

2. The equation 2 —5y? = —1 has (2,1) as its least positive solution.
So it has infinitely many positive solutions. Consider those solutions
with y > 5. Then 5 < y < 2y < z, as 4y? < 5y? — 1 = z2. Therefore
2(z? + 1) = 5y - 2y divides z!.

3. First, consider n? + (n + 1)2 = y2, which can be rewritten as
(2n + 1)%2 — 2y¢%2 = —1. This negative Pell’s equation has infinitely many
solutions (z,y) and each z is odd, say £ = 2n + 1, for some n. For these

n’s, a, = y and
an—1 = [V/(n —1)2 +n?] = [V/y2 — 4n]

implies n > 2 and

an-1 SVYP2—dn<y-1l=a, -1,

ie ap, —anp—_1 > 1.
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Also, for these n’s,

ant1 = [V (n+1)2 + (n+2)2] = [Vy2 + 4n + 4].

Since n < y < 2n + 1, we easily get

Yy+1<V/y2+4n+4<y+2,s0an41 —an=(y+1)—y=1.
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